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The primary objective ot thi 1nvest1gat1on to devel• 
op a suitable meth·ol'i tcr deterro.1ning the t(lmparature at any 

point tn a fluid flo·1ng turbulently through a heat d nnulu. 
The cor of' tb annulus la considered to <1nolos th heat 

source, while t .ba out .. oyltndo:r 1a aaeumed pol'fectly tnsu• 
lat d. 

'rh annulus reprea nta no uncommon gecn1otry in ·odern 
hea.t exchanging equ.1 ent, an , therefore. the en81ne · l"1 ap• 

pl1cat1 on.a o'f the analysts presented o.:re l · ~ion. e a p r ... 

tua of particular 1ntere t to t autbor1 and one b oh ani• 
r ats the property of ial beat load vartat1o according to n 

~ea onably pl'ediotable distribution. 1n the nucle~r reactor. 
'l'he nnulu is e fr(}q &ntly found oonf'lgur&tlon ot reactor 

ooole.nt ch nnal, 1th the annul cor · 'the tu 1 element and 

heat source. Ideally t tho heat tlux trai; this el ment follo s 

. 0 ohovped cosin varic tioti• sym.~ tric about tho lo · tud!n l 

id-point cf the fuel ro • Approx ate solutions to v riou 
de eee ot cottt"acy · r propo tor Junt this v 1at1on. As 

n example, ooo Hall { 10). Th pre.senoe of oontrol nnd true• 
tural el ents can distort this rather ai pl vari tion. .ur• 
th&rmore, this heat load distribution 1s sometimes intention• 
ally changed . fhe purposes tor such a Ohan e a?'e to provide 

mor n arly unito be t ·tl"Cns el' along the channel• nd to 
avoid a rad.ta 1 diftereno umong core t ·perQtures t various 
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nta.t!ons al<.ll.13 th channel . The oat direot mean or ad3ust• 

!ng th o.t nux val"lat1on is to use nuclear tuel or varying 
$nl'1ohm.cnts t\a one p:roceods alort::) tho fuel element. ln any 

oaso, the nuclear r~aotor coolant channel is one example or an 
annular paseuie;e which oun be b.e ted tlCCOrd1ng to a diversity 

ot axial heat load diatrl.but1ons. Consequently, the reactor 
heat ti:am tar enal:yet must be ablo to pre 1ot fl* design data 

th~ heat transfer oharaoto~1sttos of suoh annular coolant 
chann l with potentially complex patterns ot heat dd1t1on. 

"'his pape1· otters one means ot solution to such a problem .. 
Tb& lllOSt ign!t!ca.nt as~eot of tl:ie analysis 1s that the 

beat lo d ls alloqrod to vaey axiully e.ooo:rdinc; to any nrbi• 

t.racy tlu:x d.1stx-1but1on. Thfl most important assutn)!t.1ons a.re 

that fluid properties ~e consider d constant and that ntea.dy:-
tat conditicns prevail . 

A dote1led. analysis and derivation io followed 'by a atep• 
by•etep pres~nta.t1ott ot the li!$Ohnn1os Cf! applyins ·the equa-
tions to a speoitio problt'ml• The method !a nppli d to a mo~e 
or les typical heat tr a:ttt:r s1tuat1.on and t .be ?"$SU1te uro 

presented and d1 sous sod. P'1nc ly • modes of f'urther retin ent 

at the m.etb:od or solution are discussed. 

Th bulk or the thes!s is not intended to ~ply to liquid 
etals, ~hese are fluids, ~t tluida uniquely d1fterent rOl'll 

gaaeo nd the oommon l1qu1tts . '?he pr1no1pn1 peculiarity 1s 
that of the large value o'f thermal conductivity oo. red With 
that of ovh.t:!r oomon fluids. For a speoifio dts u ton or 
heat trruwter to llquitt f.'.!etals 1. soe Mart1nol1l {14). 



d 

h 

1nm·ter ot circular ob:n el, tt 
Grartta.tion l oonstnnt. 52. 2 tt/ c 

·fer co tt1o1ent~ BTfJ/{soc)(sq ft)(°F} 

Til X"mal co u t1v1ty o tl.uid, BTU/(seo)( q f ) 
(OF/tt} 

Static pr sur • lb/ q ft 
Rate orb at transtOl" pr un1t ar • STO/(seo}(oq rt) 

· te ot h · t trnneter f .rom i.mll ot inn r oylind r p l" 
uni~ ar a, TU/(sec)( q ft) 
Radiua. ft 

r.QU Raditw of loo1ty, tt 
T T ere.tur t; a point • °!" 
u Tl::.qt~·aTer g d veloo1t)" .flrallel to · l , t poi ta 

tt/nec 
tl • v r god v loo1ty par llol to wall o luid 

1n ntire llannel• tt/ae 
• w w iSht t or ti~. lb/ seo 

'1 

E. 

p 

di tat c · long annUlu t tt 

l di tanc t:rom ll• ft 

Co tio1 nt ot eddy d.1tt'uelv1ty tor moment 
tt/aec 

Ooeffioient of eddy ditfu ivity fol:' heat . q 

A solute v1sooo1ty ot fluid, Clb){ueci / sq ft 
4·ns1ty, (lb)( eo )/ t 

• 
/seo 



"t Shear et:-eas 1n fluid, 1 /aq ft 

D1mensionlea qUAnt1t1 e: 
n CO?ltlta:»t • 0 . 109 

Pr J?randtl numb • 
h neynold num.be.:r, 

, , 
r~ constant, . 3& 

Sub 0:ri1· · ; 

w ~ertaining to wall 
1 lertaining to illner oyl1nde:r ol' to r sion b t e n 

inner cylinder end r di u ot - um oloo i t7 

Porta1n1ng to outer 07linder o:r to :r gion etween 
r dius or m.cu: lt l<ie1ty and outer cylind r 
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Investigato~s huve bean Utta occsetul thus tar 1n th ir 
efforts to tor.m.ulate ocmplote , nal.yt1c desor1pt1on or th 

turbulent tlow f!elt". The pr1nc1;pa1 d.itfioulty lies 1n the 

random. dx!ng which is ohnracter1st1o ot turbulenoe. rra 
point of view or pure description of the fluotuattng otions 

ot turbulent flow, et t1utionl !l tnods see to otter th oat. 
~omiSEh However, th analys 'that have been ost va.luabl.e 

in ~orms of relation hips which le d txoGt ~ead11y to the solu• 
tion of engineer! problems 1nvolv1 fluid low eJtd heat 
tronster under turbul nt condition , h.a.ve b n tUUll 
on moro n$ll:rly oonV$ntior~tJ. fluid dfne:miOB m thods. beae 

analyses have not been auoooestul enoush to y1·ld complete ~o­
lutions, but, tn cor.1b1nat1on th ce.rotully evaluat d. expsri• 

ntnl data., ll.av in many 1nntuncea p:r.c~d th ngin :r witll. 

tools tor e.eo ptsbly accurate results. T-l1e principal point to 

be ma.do 10 that turbulent tlcrN 16 so oom.1ilez vh1sic~ 1 occ r• 
ronco that a complete ma\hetnat1oal descr1pt1on has not y t 

b en tot"m.ulate<l. Th i-efore. at leant for the present. engi-
neerins problems in•olvlng turbulen~ conditions must b solved 
by what IU"&, o.t beet, nem!• p1tAical r&lo.t1ono 1 a. For a 

review ot the present 1ovol of Jmowledso relatC)d to turbulent 
ph ncmen j saG Bird -!. il• (2) • Ferreri (9), and Schlichting 
(ZO) • Literature mo1•e db:'ectly pplioable to the pre .t in• 

vest1g.ation will be rore:rr(Jd to in the body ot this paper. 



The ch4raot r1stioa at ttirbUlent flow as it exiats in 

olw.nnela bav been utens1valy tnveetigated . Sy obvious rea• 
eonn ot geomet:r1oal and ezpe:rimentel eonven1cnce, the bulk ot 
this w:rk has b en done w1 tl1 channels ot ctrculn:r crotUJ• oec• 

tton. Data on wall•to U vel0t)it1 proflle&, tor 1tJStanc , 

h ve been gathered over a. bl:'oo.d r ee or R0Jnolih1 :r1umbers. 

Teohnioal proGrGsa both in cltarer det1n1t1o:ne of tlow oond1• 

tiono a lt~U at:a in reli~blo, preoiae me.esu:ring nr, are.tus has 
lad to a reasnur1ng agreement of reaults fror.l various 1nvest1• 
g0to~s or rocent years. Moreover, telllpe~ntura prot1le dat 
are not lacking. On th· bn 1s of nll these ettortn. eem.1~ 

p1ricc.l relationabi;ps now exist that e.J:va e s1ly ooeso1ble 
results (well-correlated y xperlmental data.) Which depend• 

Gbly d scribe radial tanperattl:'(l end veloo1 ty 4istr!but1ons 

for tull.y develop cl turbulent tlcw in oiroular Ohtlnnel1!1 • 

oreover, am.l)-n1s bu pro~~"'&! to th~ point of solutlo 

to-r tet:lpel:'ature and veloo1 ty d1Gtr1but1ons in the lon51t]!d,,iJ1SA 

<11rect1on also, but on..'t:y tor the atmplaat sen or t~ttperatu.ro 
or boat :f'lux d1atr1butiona a.lo tho channel walls . Cert in 

ot tbesc mettu:x!s are briatl7 aesori'bcd in ltntldsen and Kata 

(13. PP• 425""'456). Bowev r . solutiqnt,t that allow tor an arbl• 
tra:cy ax1al diotribut1 on of t :p~ature o.t, or heat flux :trom, 

the channel wall are notably aba~nt. 
Wh1le oomprehens1v effo:rt he.s been d voted. to the 1n• 

vest1sat1on ot turbulent :Clow in cylindric l channels and ot 
turbulenO() 1n ,. fte:rnl, no s1gn1t1cant ~o·oumulation or data 



exiots tor turbulent fl ow in annular channels. Barrow ( l) 

give sot1e sound reasons for 1nvest15atora t preference tor the 

oiroular obannel.. In the t·trst plac • conoern1ng a pure anal"'" 

ys.1s • the very geometry of the conotn1trio annulus markedly 

coI:Lplioe.toa tho X'Eilat1011uhipEl. Secondl;y,, there is aom.e con-

trovert~y ove:r too tlet1n1t1on ot Mobaracte:t. .. 1st1o lenstb" in th• 

ann lus, with different interpretation$ b$J.J1& fe:tro1•00 by the 

sign1f1·canoe or th dlt1eront commonly used d1mena.1onlese 

· t1 os • 1. ~. Reynold , :Nussol t and Peel t numbers. Thirdly, 

vhtt~e • the <!iffi.oulty presented by tll(; it160llan105U, auppol'tS 

toh lnust keep t.l:le annulus wo.llo e;:a«)tly concentric w1 thout 

notioeably d1 turblng flow in. the test seot1on. Finally. 
~ urGmentf.. 1n th fluid near the cor wall praotieally nave 

to b taken by- a r.rob that po.aGos through the outer wall end 

•xtenda o:.ros tha entire f'lovt ollntmol. Aoouraoy ot data 

taken near the core wll (;t., «h > in tbo ao•Oalled laminar su 

layer) is ootp~omiaed by tho presence at the tlo obstructitts 
probe. or oouriul, :aorno data are avdle.b.le, 1n spite ot th s~ 

ob . taolea. .A oompari on oi" two sets ot dnta, Rothtus tor air 

and Knudsen tor water, is mad by t.nuduen an 'Katz (l~, pp. 
19 191). The comparinon tselt, or. rather• the disorepun• 
etoa in ~ho comparison, pointa to th n ed tor additional 
date. Davis (3) r..massed mo.st of th th$n (1945) publitlhed 

dat~ and att · ptel to correlate the eta. However, his ro• 

sUl t l."emain 11 ttle uoed, 

To go on rro a disouaaion of p rim&ntal data on radi 1 



tomperatur$ end veloolty <U.stributious in tnuu.il1 , to the mat-

ter of a solution to the coro.plct$ ohannel p:roblem1 wher heat 
cnn be supplied to tbe fluid e.oeordtng to any md l variation 

ot heat flux 1 is to ente:r an a~ea nanuy touched by •ttempted 
analyses or experimental lnV6$t.1gat1on. T1"1bus J4!J:.~ (21) 

ort~~ tbe only im.awn published solution to tbie problem. !h• 
sohem• ot tho solution presented in the p:r:oesent paper dlffGrs 
marke4ly f~pm that of Tribue. a.ml the tu.~d·emp!r1oal eq®tions 

that tll'e cmlled upon e;t Tar!ous ;pctnts tn the tu1alya1s are. in 
the au.thor•s op1n1on, botter- aubatantiatoo by expermontal 
data than are those t.uJed in the :reterence cited ebov • Natu-

rally, the ultbnn.te te$t of tho m.ethode would haY~ to be mn4e 
in oaretul1y planned laboratory experimonta.- Slloh experhlents 

•ould hav to oope w1 th the 41.tt'loulttes mGnt1oned earl1er in 
add1t1on to the tomidable requirGJMmt of supplying heat to 

the nu10 tbroUBh the arm.ulua core ud/f!I' outer wall acoordtng 
to o. preQ1aely knewn a:dal beat tlux di trtbution. 



A. Introductory Conoop'bs 

fhe problem and 1te principal aost\!llptions will b stated 

in cletc.11. Tho seometey is that ot a ooncentr1c, M\ootb en.nu• 
lua. luid r-low is oonsideretl tully turbulent; this excludes 

th 1nfluenoe or so•cnlled ~ · nd ef.foQtstt. Yh!.oh coount tor 
the l nar and tre.ncition regions tbrou{5h wn1ch th boundary 
layer deYelopa until the layers trom each · 11 :meet t the 

radial point ot maxim.um. Yelootty. 'rha oute:r wall i assttmed 

to b pert otl:y 1ntmlated. Heat is suppl1Gd frent the inner 

wnll e¢ core eoeording to a known ax1al dietrt'button. 

The coolnnt properties ar evelueted et the inlet tem.pex-• 
aturo and assumed eon.atnnt tiu-oue-hottt the o nnel. This as-
eum.pt1on, of course, d1soountn tho etteots or te e~ature and 
oompr ss1bllity. In 1nost OttS$S 1 temp r ture erroots are tbe 
ore o1p1:ticant Of the two. Preast.tr& {tff~ots on fluid rl•-

eoai ty, thormnl eon.duottvlty, and epec1tic heat ere ne 11g1ble 
bolo eritio l pressure (OYor thirty atmospheres for ir. tor 
inst noe). High velooity offGcts are iguOl:'ed. sinoe the 
clos d s7stem bei .• ocno de:-od 1€:1 not ordinarily doaigned for 

nen:r sonto, much lesa supersonic vel.oo1ties. 

It will be belpf'ul to an unde:retan41ng ot th development 
to have in tn1nd a general conspectus of the line of attnck. 

In light ot the paucity of d ta on fluid flow ln annul!, 

one is foroea to revert. s n expedient, to circul r olumnel 
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tlata, supported as it :ta by extensive and instaking experi-

entation, Md to o plo1t suoll ta: gen rously in annulus 

problem olutione. h velocity pro!"ile ot ohann led turbu• 

lent flow is in the general sh pe ot a flattened parabola. 
Voloc1ty t the walls 1s zero. 
channel is t tbe ohmnnel axis . aximum. v locity- in th . axmu• 

lnr passag ex1st at radlnl dia~o.noe not ndth'fUY between the 

alls but somewhat n arer the eore ll. s e i!igur l . 'r'h 

location or tb1s distance is a function ot tl ratio ot tho 

shear stresses t th 1uneJ: and outer wulls of the e.nnuluat 

th rel t1on betwe6n thes vo.lues will be d riV'ed lat r 111 the 

p per. Th toll owl expl ins th o ustc. 

ins c7l1nd:rtoal data to annulal" geom t:ty. igure l depiata 

the i6ea d1s(n,1ased. Le1} l"1 be th inner r dius ot th nnuiue 

end :r2• th outer r d!us; 1 t rm.ax denote tho r dius of 1ax .... 

wn v looit-y. Th velocity Jll"Ot1le bot. n ra and rmax is 

g~ 1dent1cnl with the "top he.lf't or the prof'1le (undor 

the se.m conditi ons ot wall stress, tlu1d pro rt!es, d flow 
rate) in otrculnr tube ot radius, r 2 .. r • Th Teloc1ty 

profil trorn tho oor to rmu 1 aasumecl identio 1 with the 

"lower half" of the profile in a oiroulnr tub 11th r d1us. 

r - r • Tho a eumption 1 most v l1d fro r~ inward, ror 
thi re on mi{!;ht w 11 b Imagined ns the outer portion of 
c1roul :r pip tlmv. Ro ve:r, by the same comparison th · th · 
oiroular pip oondi ti on, less ve11d1 ty oan be expeotelt o:r this 

a pt1on it ete to the r: gion b tween r 1 and r , tor 
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the core w 11 is. 1n n m nner of peakine, in reTers curva-
ture to that of 1ts c l1ndr1oal oounterp rt. In t oit o-

knowledgemont ot this tact, thero is n preponderant intluenoe 
of r 2 to r tlo•t.- c. 1tJ.ons in tbe calculation ot shear 

stJ:l'eas for both rftllls. (See Eq. lo• ) 
di t1not1v oher .· cter1£;t1c of tu.rbul noe 1s the tteddy 

dittusivl ty • Tl.i.1u concept purporte to a count for the trans• 
t :r ot h.ent an4 11 entum du to turbul.ent mixinc. This mixing 

1s vie~ the ltldom motion of p&~oels of fluid, eae par• 
o l Oarr"d'tn« w1 th 1 t th ter.ipcrf<l.tur end ol!l.ent . 1 t poseessed 

in it x;revious lcoa ion.. Th laminar velocity protlle is 
found to 'btl :rabo11o 1n ·oha e, that ot turbulent flow, 
tlattan riarabol1o ha.pc. 1'h r aeon to the d1fference is 

tlmt th cc:usta.nt 1 t rehang ot fluid parcels • pare s ot 
hi v loo1't 1nto le e:r v ·loo1t7 rest on , d c parat1vely 

low \l'elooi:t;.ir aroel in ·th oppovi e dir ot1on1 tends to pro• 

duce th~ ~ero ,.jlop elooity prof1l ot ,,slug" tlow. h tm1• 

:to · veloo1ty o nd1t1 n i · nov r achitlved. but a )rofll ot 
leeis ourvature than 'Lhnt or purabol ia found. '!'ul"bul t 

heat tran re is ai larly o.ooan lishcdt in ueh a way that, 
in most of th$ channel, heet.t t sport away tt tb lln nnd 

o1nnt by turbu.l nt 1l1.1x1ng ! uoh ore e1gn1f1cant 
than transport by 1 '\Hi•rmol~eule..r oonduotton. This explains, 

1 1mpl& tmlltl; tho diatinot advantage, from he t tr nster 

cons1 nrat1on , ot turbulent oool nt flow. Tho improvement 18 
euft1c1 nt to warrant ( 1th1n limits) Cl liberate m na of 
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inducina tu ... bulenoo, even though the pr.ioo of increas pum 
in s p er 1e 1nov1 t bly exactoti .n such oa e • 

'ath tioally • th offects o eddy ditru ivity are ... 

montum transfer. ts ~· ga~ded as analogous to v1aoos1ty, and, 

oneequently, is o:tt <1alled '' ddy viscosity''. oi- heat 

nsfer, th d1ftustv1ty 1a tre te artttlo ously to ho:r 
o duot1 1ty; honoe t e te noloSY, •eddy conductivity". 

te't 1" shoal" st:r so 
t.c t.:r Vi·OOS:ity 

u veloo1ty 1n th utal direction 
ad1al. di tan e tro th ll 

E 

The · Qrosa1on tor tot l ehear streas • due both to v1eooue 

heer nd turbul oo 1a 

T 

In liko manno~. let 

P E: du Mdi 

q ~ rad1 · l rate ot h t t~ans:ter 

Q•Ao~ oondu ti ity 

p tlui density 
s J::;l ~av1 t ti on l oonstunt 

o ~ eo1t1o h t t oonatant pressure p 

E.; = eddy oonduot1 1 tJ 

(1) 
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fh . total rat~ of h· t trunstar ie 
d. 

" • •k .,.._ - ( ,..) 
dy 

The a1-m11ar1ty b t eon "qa . 1 an« 2 is plainly £teen, 

s , on this smtlo.r1 ty nnd some furth r metdpulation of th 

quations, the l>rs.ndtl logy s to:rmul ted. The Pr ndtl 

nalo et t that t.ho dy oonduotiv1ty an tly 1 oos1ty 
l'e equ l for fluids with a ran tl umber ot onu. Th n l ... 

op;y 1e xtend to 1nolud~ fluids or PrMdtl numbel" nearly one 

( • S• • :Pras.:r ~ ,73). This saumpt1on, 1:t aooepted. 1 1gn1t1• 

o nt17 s1mpl1f1 s ·urbulent at tronst r analy 1 • Altlough 

the ccnolueion s e allno t rbitrary , rooeon bly oout"ate r • 
sUlt 1'..av baen conai tently obtained e.nd a.Mlytio e fo~t · 

oons1d rably exped1t <l. For <t1eoue ions ot the. vsl!dity o 

th Prcndtl alogr, e lte1chal'dt (17, PP• l l?) end 
ochliobting (20. PP• 69 490). 

Th refore, 1r ddy v!.eoos1ty can bo 4 tox'min , tty oon-
duct1v1ty is known (by th an4tl analogy), Thus. ol'.lo has at 

hand most of tile too s 11eo acy f'or solrlng the turbulent 

oonveotivo heat trensf r probl 
The •a lar1t rulelf 01· von Karman assumes th t tur u.-

l nt tl otuationa ·t all points of the ti ld of tlovr i-o a.tmi• 

1 • 1. • they dift r tro.m. point to point only as far e 

length and t1tae sea.le taetors are conoernoo. Ba ed on l?lftth -
t1e l conolusto 3 r wn r this h:rpoth is. on v .. ' . _. ... 

(12) expr s es shear treos in the turb l t stre 
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{3) 

ln u~1v1ng at ;sq. S.; it was o.Be od tllat 'Viscous sh r 
1 n ! 1ble 1 the 1nc1 pal flow r gion. 'rh rotor , 

( !!.!! ) 4 

p K2 
dy 411 

( d2u ) ll 
• p E -dJ 

d7 

or 

E = K2 
(a;) ~ 

(4) 

(~) 2 

h r K ta a constant to bo v uat d expe~1m ntal.ly. 

To ol ve tor veloo1 ty s tunoti on o · y, radial 1t!on 

prior o t 1nt grati n, the .x: e sion ror • · ar tl' s 

oditi d no 4$ to be exprons in univ sell~ applicable 41• 
m lonl &3 pa1 ... tun te1•tt. These para.met rs el!' , by d t1nit1on, 

u u - ~ ! er • 

J. ? 



Tb itnportnnt intesrat expression 1 

u• = C -.. ...!. l.n 1" 
K 

h r T.. • hear stres at the · l 
a 00 tant or integration 

(;)) 

Vi .· lou v u e to:r th oonatants • C and. K • hav b en pre-
orib by 1ftor t or ~er ,. Th ost widely accept d v lu 

ar u to Deissler { 4} • nd these veluea er 

0 = 3.S 

K o. 6 

quation 6 h a been p'l'oven valid ·ver:ywhere in the oho.nnsl 
exoept n r t channel 11. 

D 1ssl !?' ( ) has d uoed t t • \¥bile she .r tress l y 

tram the 1 ttley b a tunot1on, not or u and y, but only ot 
he nhnll8 sin velocity in the vicinity of point (of. Eq. 3), 

shear at~ a n r the 11 ie 1ntluonoe4 by and y proper, 
By d ensional e.nal.7 is, Deiaaler arrived t the tollowl 

elat1on$h1p tor e dy vi cosity 
E: n2 tt y ( )· 

nee h s be n evalu ted exper en ally as 0.109. 

Eq t1on l can be re\'lritten s 

T t.:: µ ~ + p n2 u y ~ (7) 

Equation 'I can bo w.ritten as a funotion ot u* and y-.., rather 

than ot u d y, o.nd int · at d. Th resultant expres ion de-

or1b s th v loc1ty ... d1 te.no r lationship in th r ion near 
the channel vrolls 



l'I 

l -Jiff 
(e) 

l whoJ:e ltill I . I ff P 

.Jiff 
TabUlatod numori0al values of tho integral tor eny- n u+ appear 

ln 111oct com.pilations o ete:b1sttocl tables. 

Equation 5 ts aDsumed to apply ln tho ,,.egion away from 

th wall or tn the main now area, whil Eq. a is assumed to 

deecrlb the velocity distribution tn the vlclntty ot the 
11. ~he :reason tor- tree.tine th'-' :fluid in the ohnnnol aa 

though two sepal"ate tlow ~$g.2.mes \lil~!st is that both 1 nar 
and turbUlent fl0t1 concU.tlon.s aro );>reeent. ea.oh v1ith its obar .. 

aot r1st1o m.e¢hanlsm of Jnomontuni and heat transport. Not 
that di tinct lamina1~ tmd turbulent l'e ona can bo d.el1n~tea. 

or enly the tlow 1mtn.ediatoly a:dJacent to the \'ltlll 1 com• 

pletoly lamlMr, ~nd onl~ that in the oontJ.9'.ul :portion of th, 
tlow area, compl.otely turbtllent. Between lo a butter le;ver 

wh1ob is neitber E'in..tirel~· lernin r nor entirely turbul~t. 
Deis leida G i-iments haYe indicated tba\ th point ot tren• 
si tton trom l<t. a to iq. 5 t Md trom iq. 6 t'O l<h 4) te t y"" 
ot "ie, :Figure 2 illustrates the d1via1on Of an nnul r flow 
chtU'm.el 1nto the regions just described. he tigure cannot 
ad<Jquately represent th• relAttve s1zoa ot the ~one$. Undel' 
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REGION CLOSE TO 
THE WALL 

LAMINAH .Sl./8LAY'EH 

bVFF£H LAYER 
z;.,;-•ct> ---------- -

REGION AWAY FROM 
THE WALL 

--- ---
(TUR!JULENT CORE) 

.r y,+ = 126 _L. __________ ---

x 
REGION CLOSE TO 

THE WALL 
8VFFEH LAY£/? 

LAMINAR .Sl/8LlfYEH 

Figure 2. Division of the channel into· flow regions 
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o fl oondi ions, th tre.n t1on r s1on oool,lp1e a e -
t nti r 1th t e l 1 r 

u la er 
·quo.tic 5 nnd e e th<t gov er !ng uatt ons fo lot 

ot u ver y+, nd t 1 lot 1& o 

v o l v looit pro le. h1 oom n tic t s. 5 n e 
iv a o e with lop dis ont1 uit;y t t t 1 io 

eu e no th i- · , which ha 
lid t tXP r o er eynola ot 

,ooo to ~20,000.. Se D 1 ler and TayloI> (~, • 26). h 
ly 1 l utilize tl . e exp r ntally • t li h d l 

t on hi • 
urn! - from tlui sh r a t veloo1 ty d str1 tion t 

lla , 1.1hGrG · y t ano r tb skln friction t 

tul :r la !on 1 v1.1.1u.l.\..u.g fro h von ~·"'a.... ..... "' 

0 ot th u t1on tl 0 

nt YO volv d to their :pr ent val es., 

R J? o. 0 ( ) -f;i ~ 

hr g v 0 1 Y' 

n ... • be!t' 

t • s Itnudsen 1.u1d Ratz (1 • • i·uu. 
s with th. rl1 r fo:'tlf.t.il $' ' 0 • o !gil1al.1y -

r v tor urbu t lo t '"'OU. yl1n s ot1on. 
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ldl circula~ channel veloo1ty ·d1otribut1one ce.n boa 11 

directly to annular caeea ( ven though in p Goem al tasb1on, 
e.s d pictoo in F ~ure 1), the qu ti on tor sl ar tres 

<-·Cl• 9) must b modified. As will bo seen whm the tore 

quat1ona nre 4e::tved; ah r at:roas 1llt the outer t 11 (hence• 

orth d si t d 't ) nd that at oor ( T1 ) 1 fter oon-
std :r bly. o ?'ad nnd Pel ton ( 16} point cut the neo a1 ty ot 
aecoun.ting ror this difterenoe in oa.loulating skin tr!ot1on. 

Once the r diu or maximum 1f locity is mo·rm. the r tio ot T1 
nd 12 is known. There.fore., th solution tor skin friction 

t one boun y r dily leads to va.lu for th other. :- \U\• 

tlon 9 was otU.ti bf RothfUa J!1 • (la an 1 ) to solv for 

h~ str se at tb.e outer wall. Reonll that luid in the n• 
nular channel 1& ima n d to move in two a r te t'l r ons, 

M11el7, b tween r 1 end rmaxi· n:n4 between max and. ~ • For th 

re on d no rl1 r, 1t is likely tbnt our d sor1ption of 
dynamic oond1 ti ons in the outer re on ot fl ( 1. , rmax t 

r ) is n rnore acottrete descrl.pt1on than that deduced for tlle 

inn r re ·ion. It s loe1o , therero:r , that Rothtt.1 and hia 

ooworkor pretorentinlly deal. with th fo or rogton. Th !x-

relationehip is 

= 4.0 ~ Jp ... o. 0 (10) 

wher 
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(R ) (U] 

It t o iou that ilq• 10 mu t b o v by it· 1oa o by 

Th u t1on i sonably 11 
er dat p:r ent · :y :1 ori 1na or • 

To revi • th1 eotion 
til , dy vi oos1ty. eddy o 

a de lt with th· v ooit pro• 

eti•ity, and 1 ahea et esa 
ply to turbul :ti, tlo • 

Th e b sio not l 1 aut 1ct t fo d r1 • 
tion cf' the t e.nd foroe <tuat1o used to c v th · 1 • 

ul probl ot 1 ter t in th! 1 ve&t1sation. 

B. Heat Tr ater u.ati 

l 

The annular tl id l nt of ure 3 to e an lyz 

t nns of th be t · oum:ulated n it. An ul 
el · t can be conveniently used ainee ther 1 no 

t conditions, 1. •• l nuid t 1 
a s d t.rio bout t lon itudins. 1 o th 

the fro tal ar 
dS be the ner 

0 t 

rtao 
tlu1d l ent, 1. 

to 
Let 4A 

2 n r 4r. L 
dic.1 l1n tro th ohsnnel AX1s, i. e., a n ta. 

't e t ent ri 

ot thr te 

tho tluid be prnflfu1c 

• 
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HEAT OIJT RAO/ALLY: 

r+clr 

,. 

HEAT IN AXIALLY: 
w c,..T 

+(Ile +PJC,,.~~) dA ~I} 

HEAT IN RADIALLY: 

-a +.aoc. ~ "; dS ~ T 
I J 'I> " OJr 

- - - -- x 

HEAT OUT AXIALLY: 
we T + ~rw-c,. T) d"K 

.,.. ~'X 

+ f(l<-;-;o9c~f;) dA ~p 

+ ~fdr +;o~ c~ ~~) c/A '!if_/ clx 
.J.< 

Figure 3 . Heat balance in an annular fluid element 
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• w op T (oonveotivo heat transfer in the axial d1r o-

t1on1 w being the wa1g..~t rate of flow) 

€ ' ) dA a 'r ] (conductive and 
11 ax 

turbul•nt heat trnn&f r in th axial direotion) 

+ [ -(k + p g cl' Es) dS ~! ] (conauot1ve and 

turbulent heat trenafer in the re.d1al direction) 

Note th t the eddy oonduot1 1ty is dGnoted by 'u a it reter 

to heat transport in the axtal direction, and by En, in th 

radial direction. Tho d!stinotton 1 mad beoaue no r aeon 

xist in thi oes to assume isotropic eddy <11f'tus1v1ty. 

~he heat leaving the olement ta 
• . a<w on T) [ w op T ... " • ax'" L o.x + • ( k + p 

a[ -< + p g op E:~). a.a air ] 
+ -----·------a .... x..., dx 

+ [ • ( ,._ p g op EH) dS ~ ~ l 
+ aJ-<.k. -f 1 p 1g c,£ E n) •dS ti ] 

a r dr 

Tbe rate at ~ioh heat is accumulated in the fluid element 
1s the difterenoe b tw on the hetlt add d and the h at l :vin 

per unit time or 



a ( cl? T) 
• ' dx + ax 

oinoe teady t t oonditio s r ass e , th r 1 o 
h at a ooimul d. '?her tore 

• 

ub ti· uti • tor • 

a rr r a cu p cl> T) 
ax 

a[r (k 
2 n ···- I a·m 

orefo , 

~ (u p Op 0T) • 
a x 

, m d dS, 

a[ tic+ p 
1 F 

[ ( " ) aT J = l , ~ r · k + p g cR . e B , 
r a r 

4r 

Sine the tlu1 r. o rt! s an channel flow ar a ar 

(12) 



tent 

(k p 

+ l (k + p • €ii> r 

111-. 

u p g S · ' ... p - ... ax 

25 

,, 
...... ·-~-'--· -! _P_s_, _,_cn __ ~_n_l 

a 
ar 

I ) 0 . p P g Op € I _,- IM 

d X p 

.. p 6 0 
a -a ~ 

o T -ar 

c; T 
O> x ax 

(13) 

a ti~ t ste1 to d ·..-r c. ..!.q. 13 

u bl for • th ex pr ions r . t"e:rri to 

or d1 tly 

y oonduot1 vi ty 

11 b in te of kno m oh recteriatics or h 

ho.nnel !'low. 
e' th oo f!oi nt ot ddy dift iv!ty tor h t -s it r rn to t bul nt xing in the a.xi · dlr otion oan ot 

b v lu tod ccura.tel it th1 valuatio 1. t o bae on 
into ti n ublisbed u to thi t e. 

All complet cho.nnel wia1~ s with whic t author 1 
t 11 r eirc ' t neo s !ty ot lu t1 ( I !noe t 

di card tho entire isl n · t on tet , 1. • t 



rk to th1 tte t· "Th 

ooond d ri~ ti e o t p tur d th r sp ot t 

y negligible in co r1 on '1th th# tirst. ~ e va idity o 
sumption 1s riously qu ti ed. 

If t wor to bo included, 

~ £ 1 OU . b 

oonoboruti it ex r 
a o 

• D t 1n1 thi r l t1on hi nd 
tally uld hnv t b nccom.pllsh 
th t toll in t c; d e t on 

o E: " , co tr1o1 nt o r cU.al turbulent onductl ity or t 
" 

rv luat1on ot ~;' hav been ~as on tho tfecte ot it 
co :t r t, E " • the ettio 1 nt ot eddy di ttu1J1 ti ty t r 

ent • Th intluenc o 
,, 

E ca be deduc di 

ti Of v 1· ged 1a el.ooi tr.. o u protil 

exi t or~~* velooity verous ~~ looat! n, 1nco the 
t . ._u.,.,.....c~. A""'i~bt'll'I adi l loo1tf 2 ro t v point in 

nel. 
, 

In any case, no discWJa!on ot E: was tound in th 1 t r 
att pted u t1on. 1I eY 1 h 

tin t1 e q ality ot turbulent tlo 1 rando. otion ot t 

tl 1 1ole , No t ile "r o • n not b 

correct d sor1ption, t is• •:«:>r 1mplyin tatiet o l 1 o-

t y point, th pl1 so 

ount o"f turb\tlent tluotuat1on in 11 d!r ot ons. Cons 

ucntly, r io s 

dire tion. 

aunt ot turbulent conduotion in th 

OOt!loor d tl t ul · con uot1 on 



27 

1n th r a!al !reotion a as y t 

to b · 1n utt1o1ent g:rounds 

unnolv problem.. h r 
ror a , lit ti oo clu-

s1on as to which is unlikely thet th 

:txins oUld ooour so pr t rent1 lly in th r dial dir ct1on 

that only e 1Si bl c l onents ~1st in tho rud l d1root1on. 

o tho aa~e ot c1 1 to apply Eq. l 1n s ast g· r l 
form and Qn th p:roba il:f.ty that the turbulent tluo~uet ons 

h Y oo:n · r ble ompon :J 1n the x and y dir tions , ~' is 

of t,ur ulenc , and. inc th d of turbulano is 1ndic d 

by th R ynold numb r no turbu nt tlo· h a d v lop , 

changes in ~' should b relate/! to ohallges in Reynolds num-

ber. A :t"lu!d ot constant propertie has postulat • 7 r 

t .., , de ~op turbulent flow Qf uQh a luid t oueh 
a ob.am:i o eonsta :t cro r; s ct1on, J; eynold numb· r is un-

v ytns t gtv n r~d1u • Therefore, a € ' / a x may be r -
o bl quat d o z ro . 

The n ess1ty or d!vi din th nol 1nto 

two a ate r gtons tor purpoe s ot analysis baa been dis-

usse pr$v1ous1y. Th co ttlotents ot cldy con uctivity or 
t 10 re one ve bee de · 1.ned. by ?qa .. 4 &, Bl u of 

" th e qti t1otta and th l'"elnt1onsll i~s rh!oh toll ow, £H 11 

be expr o 1n terms ot tho dim.n 1onl&as 
y+, which were Dre~iou 1y·detined. 

. ters, u• nd 



aa 

" an intam dint stop 1n Del sler•s d ri tion or th 

voloeitr profile 1n the vio1n1ty of tie 11 ( ·), the toll 

ing d rivatiifo a:pronre 
du1· l 
d~ + -1-· ·.,.-"-n""'!!l2"""u-,.,-,·+ 

Thu follow! ,. derive.ti v 1 fouud in h our or von KAr• 
' • · d velop nt roi• no n n d1stanc tl"O · the wall ( l ) 

d\t4 1 
- == ..,.,. l( y+ 

ThGreforc, for the r $ion clone to tho wall, 

4u . Tw du*' Tw 
47 7 di+ == I ... (1 TI ;2u+7+j' 

Similarly, tor fl , in tho mn!n atr eta 1 

Int rmz of the pr c$d.1ng rel t1onship, £;n ar the 
all o ·I• be e ·F a e 

En ::.r 112\17 

e:" n • J.I u+z:+ 
d p 

~ y from the vro.11 1 the app11oable rolntionship is 

(1 ) 



E:. " p 
+ 

Equati:ons 14 and 15 dcf'in €~ 

K 

(l5i 

qu ""1ty bet •on axial and radi l tur'bul nt m.! 1ng t o. oint 
has b .. i.;n e um , 

d. c; €.iil~,~ To obtnin this qunnt ty, .Eq • l an 15 

e dift rent1nted. 
N r the · 11. 

0 £II _ ......... JI e: n 
~ r 

du 
( l + y -:-) 

!I.'$' 

n2 [J~ + + f 
c n2 [ J !" u• + f{ii 

d " 
a rE ;a "' nB J: [u • + ]."';· .,( 'T ] 

:from ho ll, 

(lG) 

(~) dy3 



~)2 

(:;u) 
T. 2 

~ '-i ri;; 
d r K rr 

3. 1he t .!J:,,ts;u~ttoD 

(17) 

uat1on 13 will oo re'<. itt , inoorpcl"ating .. qa. 14 

through l? a well a.e two .o:ir .d1mens1onl$as quan.titie • the 

Pl' = ?:s "" g 
k 

r• ~ 
.J!. p 

Sino o ' Bf ~x is z ro, Eq. 13 cu.m 1 o v1r1tt 
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,, 
-?) 

II 

l OlE 0 1' ........... , ......... 
a r ~ 

" i- ( u pJr 
Since E' 1 a 

+ 

, bB Uti * nd u4 tor an Ut 

l 

€ -') a ar 
(10) 

c bi tion o1' • .18 1th • l n l iGl th 

h t aldo tor :tlow n r thG .lla 

C) T l ( H + a '!> -a.x f~w u 
-p Ir ar 

,./ 

, /; 



(19} 

A similar p:rcoedurct can bEl :followed 1n deriving e. t1ntll 

tom ot th he t bal •nee for the region t distanue rroti the 

p 
+ --... - ... 

~ u t' 

a T -a r 

"" ( r~ IC +) ( a ll.r ~ .... J bi l I - -· ~x ) ax p,u a r'" p 

+ ( r• l y•) ~ (20) + .'"i'Pr -u-+.r ar 



~tl.e.tions 19 and 20 ru•EJ the f}'vexming r l t1onsh1p of 

tbs an yaia.., li11. uat ions 19 nd 20. th& v looi ty :pr·ot• . ~ r a• 

t1onoh1 )S, o.nd the conditions o'f tllfil physical 1;roblem (1. o .. t 

inlet tQpEtr ture a preGaure , weight 1:nt oi" flow, . •• t lux 

a. a tunot,ton or xiul otation. p opert:l ""' or tho fluid, and 
geometry or the oyste cona~ltute 11<1l£ArlJ all th 1:n:f'ol':"."Mt1o 
need d to solve tor th temp l'n.tu~a 41utl"ibut1on. o on 
qunntj,ty still la.oldr.g ia eh 

Th ot pply1ns ~qa. 19 and 20 nmy· not be self• evi• 
4 t- A previously ra-plt~inn , th annulus is divided 1nto 
t .o r e~on. ; inner w 11, r 1 , to th radius of l'lttU:.itru.w. veloci-

ty, and o tor all, r 2 , to max'• In the outer r0g1on, y ls 
o u l to (r2 - r>. ~nd Eqs. lv end 20 arc tunotio of shoar 
str son tlle out l' vall, "t9; in t.e region bet oen r 1 nnd 

rm.ax• y ls (io • 1'1), and tho equ t1on CU"e writt n with T 
qual to 1"1 • 

Ae prev1oua11 pointed out, tho ~lvi~:nte result of the 
tollo"ld.ng development \V-111 be a dati.trmination ot the ah r 

stret·aes :t each of tho Ninu.lus ll _, h · most elvs1v sitt• 

gle unknown in a solution for tJie shear stresa . s 1a th . red!nl 

location of maximU!n veloei ty • • /1. ohm a fo:r Cieto in!ng 

l"mu 1 d eri v d, wh1 h e bas osent!aU on cm t1b111ty 



of the • looity protil s o;nents, b ~1n s t y e. t OP·O.., 

natlona ot ite ls. At :r 1 the ua 1-lnde_penden t 

. looity ust yield tho eam value. Cnoe r 1 oatabl hed, 

th r maind r of th d riv ts.on 1 aooompl1 bed by rout1n.o 

the.mntiool m · thods. 

Sine the loo1.t7 protilu in o nnal exhibits th 

point ot aximu velocity, at rmax n this o e, z ro voloo-

1t 1ent, nd o1no T= p €M u/dr, tb she ring str 1e 
ero et thin point or tb r ovo th surf o r - rm • On 

tb.11l basin• and bS" na u.r.ning constant r;:reasu:re o~ostl aey ohon• 

nel o .s o ion; oertai 
eas n be de 1 ed 

l ttonsll1 .. e to'1:' onnulu 

For the annultU' tlu d element of Fisur 
r Xt 

rr( r.2 - ~) 

nd 

Tl IC! • ....-..... -.....-

2r1 

l 

t.#1m1larly solving 1.'or I a.a it 1ntluenooa th tlu1d ol 
2 

rro :r 

Th O.im. cl. onl s rl1er d tin l b 
1 · t ' b ub or1pt l it th ,- r t r to th region b t th 
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- 1l -- -- -cl-x - -
f> - - fJ + <i.e. cl~ - - cl.t 

- - I - -- - r,,,q~ - - l ~~ 

Figure 4 . Stresses on an annular fluid element 



or and rmax• by su sdrlpJ· 2, tor th r g!on twee r 

r 2• For x pl , y• 1nsof r a it r fer to y+ in th inn r 

r g1on would be design.at d y1+ - · Jt!// Yl • . ~1p 

The ite tive d v1oe next d onstrated 1s ctually 

lo cal volopm nt or th proc ur outlin d by D 1ssl r and 

T ylor (6) tor locat1 co t nt• looity 11n in cc ntric 
annuli. 

From E s, 21 and 22, 

_21 Cr!ax - ri> r 2 
Ta ( x-2 - r,2 ax) r1 

pr; 
r-;=; Cr2 ... rmex> r1 

(r2 - ri> r2 

At r , u1 q s u • Th r for • 

u ax • = 
2max [i. u x 

oreover, in th g eral1z d velooity profile, u• ls 

. ' 

(23) 

(24) 

(24a} 



(25) 

~ .. Ft ~ µ .. 1 -p 

Therei'ore, 

(25a) 

Now .Eqi. 96 1 tho trmnework tor the iterative Pl"OCedure. 

oan be set up. By E'(lt!h 24 and 24a, uianul~ ts expressed, 

as a. tuncti.on of r~. 'BY Eqs. a5 s.n4 26a, :r~/Y~ oan be 

express as a tunction of rmax and ~n nrbf:tt-arily chosen 
+ . . . . . • . • valu of n1• Furthcmore. the ratios ot ~ anti 1max ue 

linked to eacl:1 other by the universal velocity prot1le. The 

interdependence of the quantities roterrG<t to f'ol'ms the bas.ta 

tor Wl"lttns nq. se. 
Equation 26 begins \11th the r tto of !fl to Jf; as 



det~rmi.nod by an eatitneted r ~ax ( tt1Q.• f!A). The a e l"ma.."t• 
+ 1 .... COI..'lbine 1th the dime.11 ioru.esit number, a1, d r m• ylJllnX 

y~ (Eq. 25 ) • Corr sponding to oh y~ 1s ( 

th un1v rsal velocity profile)• Th nfore, r r ool"r ot 

rmu• the ratio u!maz!u!Jl:laZ a . termined by the v lues ot 

ben 
nd 

y~ ls q l to tho ea e ratio ea d te:rntinGd by JT. I T1 

(Eq. 24ll)~ I n other words, 'a correct est1m te ha boon m de 

or :r when the first and la t terms 1n :ttq. a& er qual . 

Equation 26 1 wr ttEin 

a . 2 :-.,, ... r m1\l: 
u -ea. s rn 

= 
The iteration proo ur in detflil i : 

l 

y ' ' . r1 5J 

(2 ) 

l. A aume a lue for :t"mnx• The only guide to this s .. 

t ted value is that r is slightly oloa :r to tho annulus 

ll that to the outer Wl'lll. 

2. Subet tub r; ;rt r 1, and r 2 into t e lett hnnd sfi 

ot Eq. ~e. This g1 vea the r tio JT:/ T1• 
+ 3. Choose an ar 1trary value for n1• This ollo1oe is 



39 

not orit1onl, for en R} of 200 will v n rly the st.Une ulti• 

t e ult (the velua of :rmn: ) as en Rl ot 4000 •. 
• .. 4 4. Salva for 7imax• The oorr$spond1ns uimax oan b <l -

duo trom von x5 .:n's i"ormul , u• = 2.78 ln y• + 3.a. A 
more lnvol ved integral qua.tion applies tor y + < 2G.. Shoulr 

+ larger 1• 

5. Salvo in 11ko anner tor y~ o.r1d u~x• 

6. Whe the leftmost els ent (l;~otunlly JTr:/ 'rl) tmc 
. I .. the r1 ~ht.most element ( uhnu u2max) or q. 26 are qunl, r 

b.ns boen correctly e tirotlted . 
;I. oturn to c. 10, 1 whiah 1-.mnx and the known conditions 

of the problel'.ll are r lated to sbear st?'e s t th outer wall. 

T la trusoendental quation an b solved tor T2 by nn 1t r .. 

tivo m thod, ·quat1on 23' oan t · n be us to d ter:dne 'Ti. 
At this point, nll quantitiea can be d termined Whioh are 

quired 1n a olut1on ot Eqa. 10 and 20, the equations !oh 
deooribe the t peratu.~• 41 tribution in tho tluid flowing 
throu 'l. th a1u1ulus. 
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A. u a of C lcul t1on 
'the tom requirements, so to peak, ot o solution have 

b on :f'ulf'1ll d. hat r ns i.s :math tioal pro'bl , th 

olution ot e ])!!l'tia.l :terent1al equation 1th varlabl oo-
fticienta. 

On m thod or 'olution is pres nted her • ct ethod 

prop oc, th or. t!n!t dirt ren es• doe not pr end t 

elegant on • HoweY ~. the f1ni e dittorono s ohe e d.o 

en rally yiel sood :results, e:nd, in addition. does allow, to 

or a choS.oa of d grce of oouracy. di• 

tio l t .s of th f lor s ·rte on #h.leh th ethod 1 

o n 1nc1 u ed en the tncromen tnl ditforenoe oan be r u.oed 
to s t th o cul or' n eds. In short, th lev 1 ot ffort 

o cd t th c . cul t1o is (t"f) e.sur of th aoour y 

ot the m tho4 than th m thod. 1 tselt. Uekley .9!, !lJ..• (15) vms 

con ulte 
u1t bl 

good n e.ri ng r tor 
thod or olution. 

The t1n1 te difference o.ppro oh utlltz d con 1 t in s -

in p e hrough th axis ot the t.mnultia, an di vid1 

portion t thte pl n b tvt n the o it" and out r annulu 11 

into id ot reo't- gJ.os, oh r ota.ngla .a urlns fl. · by 

a r .. Figur 5 showe 1· gr.hi. '.Pe.tl rnture a.re aolv·d tor 
a Cb i t r ctio point of th id, end ainoe th Ch el 

ially trio in all r cts • th solution in o 
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plan d crtb th t . perotur di t:r1but1on throughout th 

ulua. Indi ture re no d y th 

o ipt p, r m reter to p ropri t incr · ent 

nr p to ·the radisl loo tion Note that th eubt·u,li;p n mb r -
ins ynt · e M t n h wall an ends nt h 

looi~y. t l t ae far a 
oono rn d. Th1 uir b oeus tb v r1 bl 

t-uni t1ons in th go omins i t rent! l u io ( q • l d 

Ma o tro th 1 but 

on di t oe t:rom th ll·s . Further d1s u ion or 
this tem orature err will fol ~ tho t1on of Eq , 

19 nd 0 1 t tlnit itt ren f m. quat1o 11' d o 
u ot t e · ~moral :to~ 

a T • .f ( r) ( ~ ,.. a .ir.) + 
a x ax ax 

p31roxi: ti on 1e 

AX 
l'( A l") [ T 

' ~ Q( 

AX • . (i Ar) 

(r) ,.il ar 

t:J. r 
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(27) 

Altho h thi 1 the aeneral tom of the equation, th tun -
t1on .P(r) end Q(r) refer to d1f erent r lattone, d pending o 

whether y+ is ·or or les than a&. 

lu, tion of the tnnot1ons P(r) nd Q,(r) at ~ r d1u 

1 aoe0t1pl1ahed by th methods already d t iled. The ael O• 

tion ot 1ncrcwmit siz 11 be dlota.ted by the needs ot the 
p t1oular pxobl • It oomput1ng equipment is v ilabl • in-

crement aiz oan be reduced until no appr otable 1noreas- in 
ooureoy is etteot d. noth r orlterion ot !nor ent oiz ia 

ono of oonven1enoe; if the distanoo from tho wall to th 

rad1ua of max!llltll velooi ty 1 an act mul t1pl of Ar, anc if' 
th ohnnn 1 longtb is an xe.ot m.ultipl or Ax, the nooessit1 

ot interpolation is &voided. 
Th i'innl. diftioulty lies in arriving t SOl'! 1n1t1nl 

tem. ratura ve.lues tr il.1oh further oaloulc.tion oen p:roce d. 
Thi leads to a. d1neu ion of the problem•& boundary oond1• 
tio , r; ttor not yet axplio! ly diecuased. 

On of th known · · ndi t1ons ot the proble:rn is the raria...,, 

tton ot heat flux 1th ax!nl distance. h1a he t flux is 

as ed known 1n te ot he peoif1c te of heat fla1 , 
q(m'U per hour per squal" foot). tor all :a:. At tlle 



ore 1 d oon4uct1v1t7 vanis e • so that ol eul.ar oon-

uot1v1ty 1 th o h t tr 

1 ~ed. At r 1 , then, the tollo ng 

port th t n e b co • 
uation 1 valid: 

(q) aT ( <J.1 -r=r1 ~ ?" 

0 dpt q. o a f o us bl in the en er l so ot 
olutlon, this 41ttercnt1al equ tio oan b itt n 

f!'I ... Tr • r;J; + A 
ql I r J, 

Ar 

or 

1 
( 

Th s ignme ot initial values in a tinit 
solution typi lly ent 1 sonio ount ot com r e. On 
p;pro oh 1 to quate t raturea tt01 , T02, • , • • To,p o the 

1nl t t ratur ot th fluid. A po sibl asaump io tor th 

) 

) 

ro ot tcp 1a ly preced1ng th ohannctl entrance 
is to as umo that thea t ernture a).so ar t inl t bul 

t per ture. Tb: , T.1 , 1, T.1,. • • •• T.1,p r o • 

he t p :r tur Ti1 • 1-'12' •• , • , T1 •P oan DO\V b b7 

pplyi • 27. .Equation 9 1 ~ ol •ed w1 th new 1 , en 

t T11 to find T10• Th proce is •P at d until t. n 

tir temperatur g;rid bet en ~l an 
Do elo . . t of the te l'atur 

max 1 oo pl tod. 
1d b t 1een r an r 

pres nts a 1 pler proo s. In this region, th n 



Val.U .S e l the p ratlll.'en tx 0 (t 1nl t p ra• 

tur } and lll t mp nt r l"mrur; ( 8 o ved tor 1 h 

r 1 tor onloul t1ons). Onl!r lues r r2 pr t 

en,. d1tt1o lty. Sin t e outer ot t u uo 1 

id ;r p rf tly 1. le.ted t po1 t. ol• 
1 a lin ot.' r ason1n tbat nd t to l ... 

tion of q. 29• the t . ..pcrature at r Q r is th s a.a that 
tr (r1 • Ar). Th caloul t1o tor th 

an r can.pl · t 0 tll 

per ture d.iat:rlb ion in the ystem. Tho 

br d ou line ot th at plyi the tini te 

v ·rt t1011 on his e hod 
il in th 

! 1l.er to tbe Ju t lv is the bul or o .pl t ~Y· 

xed t p r ture of t flu \;h This quant:tt;y iG olv d 'tor 

1 

For 
pliti 

, raturo and v loo1ty di 1butio • The 

u tton tor kt :r tur in 

TT(r 2 - r 2) 2 l 

annul 

l u~.d or oonat nt prop rt1 . , the u t1 on o b 

tran fo into d1tf' r e t . 

. ..,s • 

-
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B. pl 

or tho purpose ot ppl71ng th orived quations to the 

solu on of typical probl , the following phy io 1 u -
tion G BSWl1~. 

oonoentr1c annulus ith heat a oro an pertectly in• 
ulat outer wall 1e ol by air t1ow1ng w1 th 

l y o 100 t•pa . rish dlm alons of he nnul r : 

Coro radius, r 1 ~ o.eeoo t 

cut· rnd1us, ~2 0 . 3 33 ft 

an veloo• 

A otio or th· annel '-' • 00 tt in le rth ms ohos n or 

analys13. nuluo oore ov r- th1 1 ngth 1s h ted e.oool'd• 

ins to th axial he t f'lux diet ibution shown 111 Yigure s. 
'he:; cir tlot1 is ass ed. fully tlll'bulent when it ontors 

the l ngth ot oham1ol er am 1~ts . tel" M all- is 4t 

b kt a under a easuro of 5 tmo • 
pher s . 

'!"his info?'!: tion d a eo p1lation of the p)'opor·t1es of 

e1:r, suoh s th t pre~>iented by Ro ert nnd Dn.ke (81 P• 37 ) 1 

• aurf1o1 n ata for begin.n't.ng . aolut1on to the probl •• 
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By en it r t1vo elution to .!!q. 2 • r is found to b 

0.2898 tt. By en iterative olut.t.on to Eq . 10, 1'"2 is foun 

to b 0.1 57 lb/»q ft. luation 23 81vea a 11 of 0.1 13 

lb/ rt. 
'.rhere tollo:\'tS a brief' deac,rlptlon ot the oustO"'l'ial"1 ap-

proximate solution or· 'mll t :p l'Qtures and tlu!d bulk ti ... 

p ratures. "l"ha titn<>pcs ot the e calcu ti on ia to provld 

g neral oomparieon with the rasttlta ot the present e.n lyni .. 
The ohang in bUlk t r tUl"e of th fluid 1 detcrm.!ne 

by atJtrw ng slug tlow ot th air end by numeric lly Into#& 

ing th heat · U,P))l! · d to the fl d over tho length of the 

abann • Axial oondtiot1on w1thin the fluid is n el tad. 

o oul.att ons b $ o this m.ethod, & fluid bulk t p :rature 

rise of 7.69 Fahron..~ it dot""° !s pr dieted, A like inte-
nt ... n ot th& hoot tr nu"iitt cl to th tluid up to given 

() tur 

b&t'W en tl10 inl t a that point in th elUum. 1. 

In edd1t1on to the f1Uid bulk tempernture, it 1& !mporw 
t to ~ow th out" oe te:mpo;r. ture o th b te wall. To 

find thia quantity at ny e:x1al location, the looal b lk t ..... 

per tare value 1a used in conjunction with th ti h t 

t1 .. ana er oo t lei nt, h, and t specit'1o rat ot 
l" By dGf1n1t1on. 

ql h(T • TbUlk} 

t ux, 

(31) 

Aooordlng to a widely nc opt p.reeoion b so on h t 



tranator ox rimental ulta., 

h 1l!t __ k __ _ 

11 (10. P• 13) 11 T t! heat tranof r coe tiotent to'r' 

thi le · s a 
t o ... lo 

· /cl.4B 

t by J:An,~1?'1 

'l(hr)(sq tt}( ) • f 11 

ng • 31 to r 

T 

R ulta of tb nll t 

ph1oal or lo. ter in t 1 ·· ot1 on. Theo t 

o culnt from the bulk t , p ture a the heat tr "tar 

tt1o1 n , al"e oonsi d re .sonably orr ot u "1th h1 
ti al result ot th· p. ·sent enal.y 1& oan b 00 redt 

t in an approxi t manner. 
tt n ons14ered si:rable to a ov1ao tltc of olu• 

!on that oul\ fult1ll tho tol a n o er er 1thou 

o prom! in· rensonably aoourato aulte. Firut, 
pos 1bl simplif1catton of th. aloUle.t!ona a sought. s o• 
on• th tter no· to b th l r e 
ou~ 1ncr . en:t11 to a low tor c. Dolutf.o by d calo tot-. 

Th pr!nd. pe.l oe ptions ot tho ti.rat tt t at olu• 
t on re th t tl in th· ~ion be eon r1 · d y+ • ,.,6 

l inar that a'2¥n/ ax· n · lig ble (a o on sin 1 1• 

o tion in olv th! type of probl ) • The · ss , J>t!on of 

l nar tlow trom h iall to y4 of e on th s .. 
lown 
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reason bl eocptable starting oondit!on tor the o l ulations, 
all t pore. re at th ntrane tr y+ = 26 to the n ulated 

w ll re con 1dor to b 400°l?. a ditt reno eq t1on or 
th re or • 29, the tem.]:l ra.ture at th wall · s tound 

k, th q1 at x = o, and tho distano bet.wen 71 = 0 nd 

1• c a • Since a thin layer or laminar tlo th 

t pe~atur at y+ 13 a 

y+ = o, the temperature at 1 · = 26, and the umpt1on t a 
linear t per tur var1at1on between the two points. Ir 
g Ar o.0004472 tt (y at 1• = 26), te:np aturo 00, ir01, and 

02 ar kn ( retex- to Figure 5) • Since a 2.tr/ a x2 1 aes 

ne 1s1ble, .sq. 27 is applioo without the t m .(in di fer no 

torm), P(r) a 2i:t1/ S :a:2. E .. 27 1 thus simplirt.ea, t ~ 

rature T00, T01 nd T0 provide the r uired n er ot 
known quant.1 ti s tor T11 to be oalcul ted, hm tho ump-

tton ot a ur ly laminar r gion 1.n th v1~n1ty ot th wall 1 
onoe or ut!liz " T1 and T10 ar'S tound tr - the oonductiv 

quat1on, q. 29. a repett ti on of the proeedur just out-

lined. all temp atur s at 7+ = o, y* • 13, and y• b 26 
calculated, 

Mb the thod toll ow n r d scribed, the 
riao in ll t .per ture o er the t1rst tenth or the channel 

louletod to bu 793.B°F. DJ the very tur ot this ep-

proaoh, the tu.mpe.rnturos t 1+ • 26 underwon t exactly the same 
unexpectedly l rg incr ase. There s to be l gic l x• 
pl nation tor thia large axial t mper ture r1 e. Since there 
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1st name amount of t bulen e oven when ,. ... 1s leaa 'than 2t1, 

e t pereture d!:tter noes bet eon o radial point near the 
11 e less than the ditf ranee indicated by the l 1nar 
smn t!on. Otb r things b ins equal (1. e., flow oond1t1ona 

an4 tluid p:ropel"t1. s), the t perature differenoe is ropor-

t1o 1 to q1• Consequently, &olQtion of • 27 th nun• 
r 1 1callf blgh t.el'!lperat~e difter nee near the l 1a 

entially s ..,olut1on to:r wall h t tlux: whioh 1 higher 
than the otu l oase. Under suob o1roumetance , 
t ratur ria is unde tan ble. 

oxo asive 

'I'his e;ppar 1 orepano7 1 to a olos r scrut1 or the 
equ tione a originally d riv 41 thia soru.t1ny wctendi ... 

pec1 l to th 1m:pl1 &t.n.unptio that were l'!1e.de. ~ 

od1f1a t1ons hi s Gd ppropriate were !noorporat to 
a eooncl ttem1rt t o :v!ng the pro bl • 

11 t, tho term. a i/ ax2. generally discarded 1n thl 

aort o deri vntt on. 1nel dod in t e at bale.no • Inolu• 
s1on ot thi, quentity nee a !t ted v luat1ng its ooett1Q1 t, 
(k + p g P Eg). 'hilo th 1ntecrmol oUlar oonduotinty, k, 

1 a known :ropert7 ot tho fluid, no gu1danc" n tound to 
I a qua ti tativ. detorm.tnation ot E:n• For the r so pr-

eented in s otion IV, E: ' was asaum " qual to E: • 

The econd iln ortant mod1f1oatlon wa to abandon th as• 

sumption ot a linear tempe ture verau d1 tano rro the l 

l t1onsh1p fro y+ 0 to 7+ es. Tb ll thiCkne s 
(0.0004 ?2 ft) ot tbie re on 1 de pt1Y in o far a ev • 
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non•ltn r variations 1n t er r occur betw n 1ts 11 t • 

On O'f lut1on hlch io ot dep dent on tha in r 
i.;rib :t!on as pt1on over a Ay 1 to 

uc t inor · nt ize, Ar. tor cq 29 o b 

otly p li d w th oo aocur oy 4 t the r 41 in r t 1 

de l enough. er. Yer, di ith 1nor • 
ents euttt ently mall ror a r li ble d1r ot pp11o on o~ 

• 9 involve tar o · id no a 1)01 t to 
permit t ibl oolu !.on by d. o 1 ul tor. 

lt l at s or avoid1n the linear t 
d1strib tion sim lif'io ti on, a a ans htob do 

vo r u distance in r ment 1 to J. r to th uni e 

t p r tur prot11 • 

The universal ~ .poratur profile or s eral1z t 

t i t , ibut1on i plot ot + • s y • ~ 

(32) 

he • untve u eloo1 t pn>t'ile 1 , in h tin a ly• 

1 , the r lt of nt ting · • l anti expr 1 th r 
sults in tel"llW ot the dimens1onl a pal'amet :r , u+ n4 '1 , tb 

er 11z t pe t e 1str1but1on 1 th int t r sult 
• It cnn b • l and h 

defin1t1 a ot th parameter , the. • or a tluid 

of tl ber 1 to one, t gen ?". 1 z v looity d 

r ture 1 tr1butto are id t10 • l·r a Tylor 
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oorreo i?e odittcat!ons r in oat d 1 oal ulat1ons e 
ont nu. to oo plot ti 1 

t c s1 1 ts, 1 all 
t e oo leted . io uid i-ev anythinz buomal in th 

nnor in hi ch rad:l · 1 t perature p files d · op .. . 1SU1" 

7 h rst t nth to- 't l ot· 

th oh nn l l ngtb en ly ed. This rst tenth 1e divided into 

l inor nts so to uic... olo th 

nult fro tbis p tio 

ning the c 1 oulationo. Uotc that th t 

od ot b i.n-

in t 1 

ti ?' 

0) 

pose 

nd .in igu a 
t 0 th inl 

nting th 

ant 

nbo moro cl rly the oqu ntl.y 
poi .. t o po1nt in t id.t11 

tree .17, bu as ( 

• 

~u:r 8 o rs the 

i the x direot!o l. 11 t 

tmti 11 t () ~ d th ti al bulk t . p tu:r 

a0 , the t 

ao bl t r · 

The th rd pproo.ch tow rd olutio d1 t ~s tro h 
con ppro ch 1n the d t1ve a I ar 
d ar.s I a ta • It w d th t th · o lcu 

-
1 t1ons Just di cua u ere being a vera ly attected b in• 

oorr t valu to~ t es d r!vat1v~ • The tin te d1f't re o 
:c re aton or a I (!J a2 I a :rP incl a t p .... 

tures t y· or , t w6 aeom. to be oar epr s nt t1o 
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• 35. Br repeated use or this equation, all t ~oretures et 

y+ of 13 oan be found, Wall temporatur s alo the ohann 1 

length can b$ found from the line of temper tures at y• = 13 

and Eq. 3!h 

Althoue;h resulta tl'Om this mode or solution showed 11n-

prov ent over prerl.ouo ttem:ptn, h!ghor temperatures th n 
would be peoted. developt11d once mo:re as the oaloulations pro ... 
ce od along th channel . (The r sults or an approximate osl• 

oul tion e.G outlined by okort ane! Drake (a, pp. 24• 125) 

bowed a total bulk taropernture rise ot some 4000 over th• 

inlet bulk teinI1$l'!1ture.) 

Figure 9 compares ¥1all temperatures as oe.lcule.ted aooord• 

1116 to ·the second and t ird ~olut1on at~empts 1th results ot 
the usual approxim t solution. Curve 1 is the wall tempera-
ture s derived tro , the oonvent1onnl methot1 ot n approx1 · to 

aolutton, wherein tho bu.1.k tenroeraturo nnd f1lm heat tranator 
ooef:t!Qient concepts are applied. Curve 2 is plot ot the 
results aooo~d1ng to the second approach, in which , 27 was 

used completely in di1':forenc$ torm, and the univenal t mpero.-
ture profile wa used to determine t perature d1tf'erences in 
the r gion olotie to the wall. Ourvo 3 shows ll t peratures 

as calculated by the last soheme described . in which tho de• 

r1vat1ves ot temperature w1th respect to md1el distance were 

substituted d1r ec·tly into the . od1 n ed d1t:ferenoe equation• 

• 33. 
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VI. CO?iOLUSIONS 

. . Possible So c s ot .. or 

hi e no exact oorr l tlon expect d bet en t o r • 

ults ot the »resent an 1ys1s and the oonvontlonal means to a.n 

e.p roximate olut1on. b broad c 1 erg oe botw en the o 

ta of r ts 1nd1oat a disorepanoy either in th deri • 
t1on pre ented in thi papor, in th ase pt1ons on which tbat 

d ri t on baaea, o tb thod ot solution. h r~ 

ious possible ouro&s of rror Ylill be oons.tdered 1n turn. 

l. 

lthough · .qa. 19 and eo are products of consider bl 

math tio l num1:puls.t1on, numerous revi ws or the deriv t1on 
v only corroborate t e1r tnflth aticrtl correctness. The 

equations w r hecked 1n partioultU" tor dimensional oorr ct• 
ne s thr ughout th$ dev lopmont. 

Th only original num tion that result·ed i n the om.1 .... 

sion of a te w t. s umpt on that ot:..'/ ax: was zero. 

Th r on.,, as rJ e earli r. seem adequato to just1t th1 

&:don. 

Tllo only oth r ori n 1 aneu t1on was that or sett ng 

axial ddy oonduot1v1ty e .uel to ;ra41al eddy oonduot1v1ty. It 
hi aas pt1on wore influenoing th result e4versely 1 i 

would hav to b ohan .. ea in the d1rect1on or mwc1n the uial 
oddy conduot1v1ty much ~eater than tho r d1al component. 
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is th& pc bi tty, thou l no+ t:ron one. 

th v o ment. in b :ing b sed n the r sulta o't e a in• 
d pe dent forts, co pound t 1r ss pt1 a d/or errors 
to 1 own etr 0nt o 1nd1vidu fUlcumnti ons 11 

hav e in on t nultfJ. 

Th chem for de er · 1ning tial l. ear e r ssoa ( • 10) 

1 he it mint d :riv tion le t c rrobo:r t by ex r1 ... 

tal ult • It c f) Utll '! th qu tions tb t 

ioua rro in oelcul tins this qusr1tity ha far•r ohin 

efteots on th result • 
A co' on but muo ntrovert , ump 1o s b t or 

eq ti ed y vi oosi y dy oo duo 1v1ty (th Pr dtl 

nalogy). The valid! t;y o:f 

br1 fl ly 1n this p r. 
E r1 i to d to b al 

n r e solid o dfll7' 

a umpt!on s re err to 
hen pe if!oally 1nvest1g t 

, s11Bhtly gr ater 
t io a l rg in 

in etr • Th ln•q lity ot th two turbulont ertect 

1 r th r c~pto tact. .ow er. no ef ect1 cor .1 

, 

t1on d by ich the tio bet • n t two a n b 

term.in tor various points in 
flo con 1 ion n ll e in 

ven itu t1o evo +hough 

In oth r i- .• onl 
sp c1t1c aouremonts tor peo1t1o c ae aro va1leble. ~ 

lnflu nee of the vnlu o~ Ep 1 extr m ly ortant 1n th 

r sent d v o · nt a i any turbul n he t trenst r l .. 
1 • 
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Use of th. seneralieod tanperntu:ro di t:ribu !on in con 

Juno ion th the botm a condl tions nd finite dif'ter nee 

uation e s CJt qu t~onnble 11d1t • or, ju~t as the 
un1ver al vclocit .. prcf1lo is ed on tully deve op tur u• 

1 nt flm d tullJ develop$\, ry n rlJ oon t t veloo1ty 

protil • the g neral!zed temperature d1 stribUtion i& int ndod 

only to:r situations in wbioh tern e~ tur profiles r nearly 

constant with r ~pee to xi.al position. his !e no - the ca e 
when qw 1 $llowed to vary arbi.rarily ith axial location. 

or OT r, the e;cner6liz d t :raturo d1stribut1 on 1a be. ed o 

th juet d1sc d. a w pt1on o e ual oo ft1c1ent or oddy 

oondu t1v1ty and eddy Tieco 0 ity. Therefor • it is conaid r 
port~nt h t t ol tion be aooo pli h d without &pend no 

on the nex-alize te poratura distribution. 
It 1a cle ly an error to suma lem.1 r flow tor tho 

ntiro r g1 n botwaen r 1 and y+ of BO; a on 1 th 
first attempt at a nume~ical solution. lowever, th · basio 
con ot1on untion, ~ • 29, must be Ta11d over s o small 

di 1 inerom nt next to the boated wall. A y• inorem. nt ot 
2 or 3 1 oonB1 ered au tablf) dimension or this 1nor ent. 

or th pocifl ex ple for wh1 h a solution w tt ptedt a 

y-+· ot oo:rr s onds to or ot o. 00003440 tt. It 1o ap a ont 

that inor ent o thi 1zu requir a n er1oal olut on be• 

yon th rans of the desk oaloulator an in the a ot a 

1 t compute • 



One final aspeot of the mode ct solution warrant discus• 
a1on. ha f1n1te i reren e appro o a outlined in the pro• 

vious seot1on re~u1 that the rad1al tomperature d1 tr!bu~ 

tion be known or eaaumec., et x • O as well as t x • • Ax. It 

1a eo sid ere dv1a ble to d vise an e. proe.ch er y he n • 

b r ot a awned temperature is halv , that 1 , only the pr 

f1le at = 1 supplie for a elution to the p o'bl • Ho 

OYer, lcnovJi: t rperatur only a X 0 provld 8 1nsuft1oi ent 
intorma ion to b n solutt on b tho ethoda thuc tar dis-

oussed. For 'q. 27 1nvolv s t mp raturea T01(known), ~lO• 

T11 , Tu~· art '1121 • quation 29 link t mperat;ur T10 and T11 

by known relat1onoh1p. h ave.1lab111ty o J l t t to qu -

o • while th unknown temper tures ntunbor tour, raven.ta 
th elution for th first unknown t p raturo, the ten ra• 

tur i1eb must bo substituted int subsequei t oqu tions to 

begin pro a iv solution tor all tem:pornturea in the grid. 

Mo progres iv step•by•step solution :ts possibl und r the 

condt tions d scr1b • 

B. Solution by Simultaneous l!qu tton 
All ternnto metboa of solution 1s that ot lv1ng eet 

ot a ul neous equat1one covering the entire grid. !f the 

tem ratur grid is divid d into p divisions 1n the radial 

dir otion, tMre ar • tor oaoh column in tho grid,. p + l un-

known temperatures. If the ~1d ha ll'1 anal d1 vision t there 
are m ro · ot unknown t peratures it all t p ratur e t 
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x - o ar known, Ther e the tot l n ber o .. no in 
h e e 1 ·(p ~ ). h number of 1n1 f ter n equ -

tions ot th for. ot Eq. 27 t e. can b ··ri tt for th in• 

terior od s ot each olunm ot t rid is p .. 1. que.ti on 9 

ca b ppl1 d t eh ll tor l axial t :! o • ?.'hl in 

reaee b ot er oo to l ·111th the 

c lumn ot t e:rotlll"e t x ~ O i th r kno\:m or ssum , and 

th all oolunm tro A x to (m • l) Ax pro 1d d 1th · s 

e · qua ti o a th r ar unkno , only th la t 

oolumn of an7 di 1culty. 'qu tion 29 p li t top 

b tt ot this column, just aa it d d tor earlier col • 
owev r, !1n1t 1ftor n qu ions o nnot 

th& int rior points 1n th!~ c l (there are - 1), 1no 
tho e eque.t1ons each incl d. one temperature b yond th o • 

nel. sumpt1on rogardi t t ur s b t 

= (r1 + Ar) and r • (r2 Ar) at th oros ec ion Ax 

t et be ond th hannel e d nd d. These sUlllpt1ons oan 
I de 

b 1 6 s 
pect 

lo1l61t 

ut'e t 

lllatOh t 1 t cond1 t o of th · p rti ular probl 

On p oh b.at r son le tor o t 

bysio l situ tion ( p o1 lly Wh n 
inal 1ncr m ts are ua d} 1s to so 

A n a ( l) A X t 

r el m 11 

equal t pera-

• 1 

pt1on ·uppli p • 1 equnt1ona, th of .di ion l 

l t1onships n ad to toh the nu.~b r o unkn t er -
s u or al c ronlo oo u er- oUl b 1nd.1 p a l 

,or thia tho or olution. s1noe the n her ot ultanoou 



ua ion would be eons1 erabl$ for even oderat radial n4 
1 1 incr e t 

The co put r lutio by e:tmultan ous q t1ons a th 

follcmi vantas n. 

l. .;>. all enough increment. can b plo tha o 

neec be de or th son. r 1 d t p r t e d1str ion. 

the boun ry con tion of known he t lux o n be pplio 
d reotl e.nd 11d1y hrou h • no. 

2. 11 enou . 1 ere cnt9 can b l ye ao th t th 

d1.ttero o to . at a'r/ ~r axid a r/ a r2 c n e. ~curatel r 

p the doriv lve ven in extremely ens1t1vo r 1on 
3. ry little oom lexit uld be dd to t e olution 

11' t t e wall hitherto o n~ider 

hav a value, even it thta velue 
s it do t the oor l. 

in ul ted we 

mallow to 

allow to 

ry axially 

• t -by• tep aolu ion, th 1 fl ence or th h t 

lux e h 11 at a v.n 1 loc tio oe not xten 

e 1r ly cross th ohsnn 1 until a number ot 1ncr ent , AX, 

downs re • In olution by simulta.neou h vet", 

h e t'lux fro, e h ll t a "iven ax al s t1on rt ct 

tho entir t ;p r tur prot11 t that et t1on. 

Whil eolu ion by simu tan ous e u ti no allo 

pr se1 1t 1 r1nc1p lly nn · provement 1.n the n the tio 

of apply1na · s. 19 n O. For p:ro•Gd r 11 billt of the 

t r p:rope , dd t1on ly is nd 



exper1merxt must yield m.o~o aoouratQ, generalized relat!oneh1ps 

tor eddy oonduotivity, bath in a redial and an ax1al direo-
t1on. 
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VII• SU'z!JSARY 

A. Nat\.ll"e or Derivation 
The derivation pr nted in this thesis y1el<Ss the t1.1·10 

governin,.~ equations tor heat transfer to s turbulent fluid in 
forced conveotion through n annultts. 'l'he deri vat1 on 4raws 

upon the beet 1ntormation published up to this tiX!le on turbu-

lent channel fl()tr1 1 on turbulent heat transfer, and on the 
problema peculiar to annular geometry. All material used is 

corroborated to eome extent by experimental datn. Without ex• 
c ption, tho relat1onsh1~s reter to conditions over the croaa 
section of channel ot uniform axial p:ropertiea. The effort 

s directed et validly adapting these relationships to a 
situation ot axiol ly varying heat rlwc:, a situation trequentl7 

encou.ntored 1n engineering appl1oat1ons. 

B. Results ot Sam.pl Caloulat1ona 

The resul t1 :nc ditferent!al equ t1 one were applied to n 

.rather typioal engineering problem. A finite d ifterenoe 

eoheme waa proposed whereby a solution ooUl.4 be aooompl1ohed 

by d sk calculator in a reaeoneble amount or oaloulnt1on tlmo. 
The calculations, even after several r t1nemente. oonsistently 
predicted tluid temperetu:re increments tar 1n excess ot ex-
pected values. Present lnok ot an adeQUate que.nt1tat1ve de• 

scrlptlon ot the turbulent mixing phenomenon as it atteots 
h t tr naport is conjectured to be at least o partial reason 



tor the unexpected results. It 1s telt that an ven etate:r 
1nfluenoe i exerted by the general pproaoh to solving the 

equat10114. Although the sam set ot rin1te d1f'ttJreno qua• 

t1ons io to b retained• certain mod1ficat1ona ar recommended 
which woul neoessi:tate the uso ot an elootron1~ computer. 
rrhe mo t important ohango uld be a drastic decrease in the 

aiz or th incre.t!lento appearing in the ditt renoe equation • 

c. iltwnat Means at Solution 

s tated above, the simpler method ot olut1on fir t 

ropo ecs d j~ic1 nt. Consequently* computer solution 

by ai ultan ous eq tions 1s ad ocated. Tile s.i.multan ous o• 

lut1on se to ofter some advantage.. However, the :Principal 
benef'1 t of mploying an aleotro111.o computer is th pQ:Js1b111ty 

ot roouced 1noram.ent size. The relationships involved re 

r ther straight-to rd and no unu ual obstacles to progr • 
m1n the probl tor chine oomputntiott ar ant1o1pated. 

D. Contribut1one of Present Analysis 

he oontributf.o of th per to th f'1&ld ot oonveot1ve 

heat trans er to a tUl' lently tlowins fluio are: 
l. The enalysie is basic approach to the problem pro• 

po e , en approach based on tho aotual ph7sloal situation. 
b1o 1 in contra. 1 t1not1on to the concept or th tilm heat 

tran rer coett1o1ent. Thia latter oonoept doei:; provid r ther 

easily attain d, approxim t answ rs to problem wh1oh oannot 
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it far further advances in conv•otivo heat transfer nnaly• 
sis. However, the whole notion or thG he t t1ans1"er ooert1· 

cient is not an ideal m ans to a true understanding ot th 
turrulout beat transpol"t meche.ni m. ll)Or the ttlm heat trans• 

ter ooaff1c1en·t is based on t.h t1ct1t:loua model ot' a fluid 

with :radially oonstant tm.1perature e.nd velocity, and ot n 

abrupt tempernture d1soontinu1ty at the fluid-solid boundary 
lntertace. 

2. The differential equ t1ons. Eqs. 19 and 20. complote-
ly dooor1be th coolent channel he t trans re:r systc; at 

lea.st thq desori b tho erst n as well es the ~1res nt level of 

tUl"bulent heat transfer analysis allows. Moreover, ans are 

pr sented tor aooounting :for the peculiu geometry of the 
annulus. 

5. The samo di :rte:rent1al equations, mil• emboclying re-
cent devolopmenta in th field, e.lso serve as a tr ewor fo:r 

incorporating later advanoes in evaluating Gdd)'" conduot1v1ty. 
The original eq uat1 ons would be mod1t1e4 least if simple 

line r rolat1onsh1ps wfire developed between etldy d1ttus1v1ty 
for beat end eddy d1ftua1v1 ty for Jnoment\lm1 and bet,1een eddy 

conduct1v1ty in tlu~ radial d1reot1on and that 1n the axial 

d1reot1on, 
t. The !itlportant role thut eddy oonductivit plays in 

the numer1oal oaloulations emphasizes th necessity for x-

panded laboratory investigation ot this quan:t1ty. Ultimetely 

sought are som generally applicable • th~tio l denor1p·t1ona 
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ot turbulftnt conduct1v1ty. Eddy conductivity in the radial 

direction has been the subject ot a s1'!l.all amount of exp rl-

mental work. As tar a eddy oouduct1vi ty 1n the cxf.al diroo• 

t1on 1 concern d; not ven a qual1~at1ve discussion as found 
in th published literature. 

5. Th g naral d.evelopuent ot the calculations casts 
serious doubt on tho typ1oc.l aa&umJ1tion ot e nagl:ig1ble second 

derivatlv ot temperature •1ith re!l»etJt to ax1tll. tl1st noe. !n 
oalcUlat1o:na tor the specific case treated in Section V. th1s 
que.nt1. tr (and its ooet11o1ent) attooted itil temp r ture in• 

or ente u to approxime.tely e1Sht en percent. 
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Th most import nt item ot adCi!tione.1 worlc ha alre dy 

been dlsousaed in somo d tail• . This 1s the atter ot the pro• 

grn.mm1ns effort to adapt the e~untions to a oomputer solution. 

The bUlk ot this s ot1on will deal with 1 ·. provements in 

the baa1o equations . Thea 1mp:rovceuts will be dir ct 
prinei.pal.l y toward a more realistic treatment or the fluid, 

that is. elim.1na.t1on of th& constant properties asawnpt1on. 

A rot1nament that requires no more analye1s than what 1s 
presented in th1a paper but a great deal more in th& way ot 
oaloulnt1on complexity 1a direct $Ort of 1tore.tion. Solve 

the problem dth tlut properties evaluated at th 1nlet tem• 
per tur • A a second 1ter t 1on, solve the tunotions P(:r) tlild 
Q.(r) (Eq. 27) with tluid !Jrc>pertiea evaluated at tl1e tempera-

t ure found t that particular x .. :r coordinate. This prooe-

dur will dot1no a slightly 41 tterent te perature diatrtbu• 

tion. This n w distribution can then be tm basis tor a third 

iteration. ~he ropat1t1on oan oontinue until the anulyst 1s 
aat1•1f1ed with the de. ee ot oonv- l'genOih 

A more mathemattonlly polished method or sooountlng tor 
variable tlu14 properties would be to expres thls variabil ity 
1n tho ba&io relat1onsb1ps, $Q that a. first solution woulO 
fUlfill the requirements of 1..'tlproved acourecy ana. :void the 

olwns1n.esa ot the iterative method . 1?he ertreme oomplexity or 
the ;resulte.ut equation~ cannot be disoounted.• but oerte.in 
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tool a:r a a1l ble to ~ olp in so e bat s1 11fy1 the 

~quat1on • In th1 o , he d ri tive 1 q. l2t the un• 

impl1r1 heat al.enc , ust be exparu1 · d 1 h a that 
he v riablli ty ot .i u1 prope ti vr.t th t . is x-

pr s d. In euoh en tion y to $ a ear 1n the fo 
a f/ ';J , Wh r t io tl'1 0 & Of he tlu1d pro rtie • 

1mpl1 c t.ion is po 1bl oin e tGrtna of this typo o n b 
r · n bly accurately oplae by oonatant r$p:reae tin a 

trai t in rel tio hip d h t r Ul" • One r ou r • 

tricticn ! that u giv~n numeri al valuo for this oonst t 

lop · ~oxi..'it tion o Yal d onl tor a s o1t'1 ally pre-

scrib p .retur ran •· For 1 thi r houl l 

than two hundred nheit d 

a o tho um.ption propo ed. 

es. For plot to e bstant1 .. 

t l ast .s tlU" a atr le oon-
c rn , .e Humble e .l. {ll, p, 34 ). Pr sauriz d tr, 
an liquids in gener 1, requir a lens broad , c rt inly 

not than on hundr a egr o. Por th var!a ti on ot th 

J;1rope:rtics ot wate~. e the collection or plot 1 ok rt and 

e ( , pp. 6 -2 5), 

1le pressure low the or1 t1oal pres ure m.v little 

intlueno CN r o t o the f'l uld propert1 e • )?r ot1c ble 

tho ahoul d 1 d ·to ac ount tor r s ur tr ct o 

d n ty 1 p rtioularly if ~he rk1ng tJ. u!d i a ga • Som('> 

further s 1eteno in to ulating m thod 
coolant ot veryin prop rti be oun 

1 ololy w1 th · rty ch s in 

e ling 

1n an inv sti tion 
ra 1nl. d1re t1on 
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1n a oiroulcr channel by Deise.l•r ano Eian ( 5 > • 

A tin l oorreotion could be m de tor compress1b1l1t 

ertects. a~ e helpful ideas xney be obtained tror.i 4il!louss1ona 
by Durham {7) and by De1aeler (4, PP• 25•26). 

All th s.e recomm.endat1ons are 1n the direction of more 

thOl"ou~~ 1.13.ath.~tical. analysis, Actually, the most noteworth7 
additionel work would be done 1n th& labOl"utory. The diffi• 

oult1oe inher1tnt in erecting a single an.nulnr channel, with 

att ndnnt noa~uring and fluid tran porting npl"J.ratus. with a 

varying h t load of' e.ccurQ:t•~X Dif..4!St1tb4:g variation o.re not 
to be gainsaid. However, au.Oh experimentation ould not only 

test the pr s nt .m.othod and any eventual m.ore rGt1ned anal)"ses, 
but would supply data 1n an area long in need o:C additional 
r liable laboratory results. 
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