Application of accelerated convergence techniques

tc the neutron diffusion-nodal model

by
Sue Yih
A Thesis Submitted to the
Graduate Faculty in Partial Fulfillment of the

Requirements for the Degree of

MASTER OF SCIENCE

Major: Nuclear Engineering

Signatures have been redacted for privacy

Iowa State University
Ames, Iowa

1981



b1

TABLE OF CONTENTS

Page
I. INTRODUCTION 1
II. THE THEORY OF NEUTRON DIFFUSION NODAL MODEL 3

A. The Discrete-Energy Group Diffusion Equation 3

B. Neutron Diffusion-Nodal Model Concept 4
C. The Determination of the Coefficients 6
D. The Partial Fluxes 7
E. Assembly Average Bucklings 12
F. The Calculation Procedure 14
IIT. THE THEORY OF ACCELERATING TECHNIQUES 17
A. The Acceleration of the Iterative Process 17
1. General convergence theorems 17

2. Rates of convergence 19

B. Stationary Accelerating Techniques 20
C. Nonstationary Accelerating Techniques 23

IV. ITERATION BEHAVIOR OF NEUTRON DIFFUSION NODAL MODEL 26

A. Iteration Processes 26
B. Sensitivity Study 29
V. THE APPLICATION OF ACCELERATING TECHNIQUES 35

A. The Basic Data for the Sample Test Problem 35

B. Application of the Stationary Accelerating

Techniques 35
1. The SOR method 38
2. SOR with a fixed relaxation factor 41
3. SOR with varying relaxation factor 43

C. Application of Nonstationary Accelerating
Techniques 46



VI.

VII.

VIII.

%

1. The minimax problem
2. Chebyshev polynomials
3. The implementation

C. Comparison of Methods
SUMMARY AND CONCLUSIONS
BIBLIOGRAPHY

ACKNOWLEDGMENTS

Page
49
52
53
58
60
62

64



Table

Table

Table

Table

iv

LIST OF TABLES

Basic data of sample test reactor
The effectiveness of SOR
Calculation without acceleration

Comparison between different accelerating
techniques

Page
37

46

59

99



Figure
Figure
Figure

Figure

Figure

Figure

Figure

Figure

Figure

Figure

Figure

Figure

Figure
Figure

Figure

Figure

Figure

10.

= if. 1

12.

13
14.

155

16.

17

LIST OF FIGURES

Fuel arrangement geometry
Partial flux concept for node 1i,j
Extend partial flux into neighboring nodes

Nodes involved in the leakage calculation
for node (i,3)

Calculation flowchart

Partial flux calculation (one-dimensional
view)

Interface average flux calculation (one-
dimensional view)

Sensitivity study for buckling relaxation
factor

Sensitivity study for interface average
flux relaxation factor

Sensitivity study for partial flux
relaxation factor

Sensitivity study for assembly average flux
relaxation factor

Fuel assembly arrangement of the sample
reactox

' - RO
p' vs. w for Pg = COS(20)
Find the optimum set of relaxation factor

The estimation of relaxation factor under
SOR method

Error decay behavior under SOR method

Error reduction rate under SOR method

Page

10

13

15

27

28

31

32

33

34

36
38
42

45
47

48



vi

Page

Figure 18. Error decay behavior under Chebyshev
extrapolation 56

Figure 19. Error reduction rate under Chebyshev extra-
polation 57



I. INTRODUCTION

In the nuclear power industry, the need of a fast and
accurate method to calculate the power distribution and flux
profiles is very important. This is due to the increasing
complexity of the reactor core and the economic emphasis on
operational optimization.

Historically, finite difference methods were developed
to solve this problem. However, as the situation becomes
more and more complicated, especially in three-dimensional
problems, the finite difference methods are too time con-
suming. For example, in a typical power reactor calcu-
lation, these calculations need prohibitive computing time
(hours CPU time) and computer memory (thousands Kbyte),
also, there are problems of data management and data re-
trieval associated with the use of these methods.

The nodal model techniques first developed in the
computer code FLARE [l], were designed to solve the problem
with less cost and still yield acceptable results for
many reactor problems. These techniques generally use
averaged neutronic properties over an assembly node to
calculate average power distributions. Another approach
A Polynomial Fitting Technique, has proven to be quite a
good method on the basis of calculation precision [2].

However, there are intrinsic computational problems involved



in the method, numerical stability and convergence behavior
exhibit some problems. This research was conducted to in-
vestigate the mathematical properties of the method and to
find some techniques to speed the convergence rate; therefore,
these new efficient techniques can be used in reactor applica-

tions.



II. THE THEORY OF NEUTRON DIFFUSION NODAL MODEL

A. The Discrete-Energy Group Diffusion Equation [3, 4]

The discrete-energy group neutron diffusion equation

is given by

2 2
-D v + + L + D B
Y9 ¢Y:g [Eafog S,Y,g*n Y9 qMY.g
= Iz F o . _(VI) 1o
n S:Yn*g K .o "v.g £,y,n" "y,n
where
2 "
V" = the Laplacian geometric operator, —s5 +
2 2
ax oy
in two-dimensional rectangular geometry
¢Y g = the neutron flux at location y and in energy
r
group g, n/sec—cm2
L Vi = the macroscopic absorption cross section c:m_l
r r
Zs,y,g+n = the macroscopic scattering cross sectlgn from
energy group g to energy group n, cCm
DY g = the diffusion coefficient, cm
B; = the transverse buckling term to account for the
effect of the leakage in the direction not
treated explicitly, cm 2
vzf .9 = the macroscopic production cross section, cm'l
r ’
X = the fission spectrum function, Iy 1.0

Yr9 g Y:‘3=
Koge = the effective multiplication factor

Y = space location

g = energy group



In this research, the cross section data were obtained
from a fine mesh diffusion theory calculation so that
results can be compared to these more accurate calculations
(5]

The following sections give a brief introduction to

the new mathematical method for solving this equation.

B. Neutron Diffusion-Nodal Model Concept

The basic idea of this method is to present the flux
distribution over fuel assemblies in terms of a polynomial

(Fig. 1, Fig. 2)

¢(x) = a + bx + cy + dxz . ey2 (2-1)

The neutron balance equation can be solved easily by

a simple evaluation, e.g., the leakage term becomes
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the integration can be evaluated over the fuel nodes easily
which in other methods the calculation of leakage term can be
very complicated. Similarly, much additional useful informa-

tion can be obtained as long as the coefficients have been
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Figure 1. Fuel arrangement geometry




evaluated.

The advantage of a polynomial representation becomes
obvious because the manipulation of a polynomial function
is much easier and simpler when compared to the manipulation
of a set of discrete point values. However, the determination
of the coefficients of the polynomial becomes the major
concern of this method. This presents other kinds of

problems and difficulties.

C. The Determination of the Coefficients

Assume that the flux distribution over the fuel
assemblies are known, then one can apply a simple mathematical
technique and the coefficients can be solved directly. One
can determine the averaged flux over fuel assembly (i,j) to

be (see Fig. 1)

A A
- 1l (2 2
b, . = ——J dx J dy ¢(x,y)
el e N
e 2
A
2
= ii !?A (ax + 9%— + cyx + %x3 - exyz)dy
=
A2
=a + (d+e)If (2-3)

One can assume the flux distribution in node (i,j) can be
extended into the surrounding assemblies. The averaged

fluxes of the neighboring fuel assemblies are:



51+1,j = a + Ab + (13d+e)%; (2-4)
= Az
¢i-l,j = a - Ab + (13d+e)I§ (2=5)
- A2
¢i,j+l = a + Ac + (d+l3e)7y (2~86)
bj,4-1 =8~ de ¢ (d+13e) 15 (2-7)

The coefficients from Equations (2-3) to (2-7) can be solved:
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Equations (2-3) to (2-8) give the relationship between the

flux distribution, the average fluxes and the coefficients.
D. The Partial Fluxes

The purpose of introducing the idea of the partial
flux is to take the space coupling effect into considera-
tion. Since the diffusion coefficients are almost the same
in the neighboring fuel assemblies, one can make the assump-

tion that the flux for a node (i,j) will be continuous across



the boundary at least in the partial regions of the sur-
rounding nodes.
In Fig. 2, the average partial flux at the right side

can be evaluated as:

A A
| -4 -
Pl o= == J J dx ¢ (x,y)
ted Ay o ) '
2 2
A A
= __Ei__g_ JE Jf dx(a + bx + cy + dx2 + eyz)
A(f - f) -A 4-=§
e 2
=a+ 200148 + 242148 4 gi)+ 8 4° (2-9)
3 A 12 A 2 12"

A

Similarly, the average partial fluxes at the other sides

are:
b, =a+Saed) + 822148 4 82 4 4,2 (2-10)
£ g * I
b= a-Baed) & Ga2048 4 A, )2 (2-11)
e g2 W) * 1 rt 2 I
2
_ _c § e, 2 s A e ,2
Y = a 4A(1+A) + 10 (I4g + Zf) + 178 (2-12)

Now, extend the partial flux into surrounding regions, apply

the definition of averaged flux and reference to Fig. 3,

s a8
1 2 8
v, . . = = J J o(x,y) = a + =A(3-7)
R: %153 AY & 4 4
T2 2
2
#2528 09.08 4 § 82 (2-13)
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The new coefficients based on these partial fluxes are:
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e 5

A Gy '@
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These new coefficients approximate the continuity of

fluxes between the fuel assemblies.

(2-14)

{2-15)

(2-16)

(2-17)
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E. Assembly Average Bucklings

One big advantage of Diffusion-Nodal model over other
methods is that it is easy to calculate the leakages be-
tween fuel assembly, refer to Fig. 4, the leakage from
the right side of node (i,3j) is equal the leakage from the

left side of node (i+l,3)

However, these two will not be equal because of the poly-

nomial approximation. Therefore, define

Ad

__[wl(Di . (B, .+adi'j)£\) +W,(D (

J 1.7

Y
W1+W2

" i+1,5 Pi+1,5729%+1,5)8))

(2-18)

Here we introduce two weighting factors W W, to adjust the

1% T3
flux level to preserve the continuity of current over fuel
assemblies. The leakage term for the other three direc-

tions are:

-W . 5 b . & - i :
e 1S5 5 ARy 5Dy W, (Cy 4y B 341005 541
¢ 14 (2-19)
W, +W
1 "2
W, (b, .-Ad. .)D. .+W : —Ad. YD, ;
L = i P 1,3) i,% 2(b1—l,3 Adl--l,j)Dl--l,J (2-20)
0 ]a
. W, +W
1" "2
W.(d,.-AL. .)D. .+W,(C. . .=-A%. .-1)D. .
e i, . 2 - =
L. =] J 9 I | 1,3=1 1,3 1,] l]A (2-21})

W1+W2
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from the physical definition of buckling: total leakage =

Dv2$ = DB“%

B, ., = t b (2-22)

F. The Calculation Procedure

The overall calculation procedure flowchart is
illustrated in Fig. 5. The calculation starts with an
initial flux guess and the partial fluxes are from these
initial fluxes. Then the coefficients are calculated
according to Eq. (2-17). The purpose of the mathe-
matically averaged flux calculation is to insure that there
is flux continuity between neighboring assemblies. A new
set of coefficients 1is calculated again and then used to
evaluate the leakages which in turn are used to calculate
the bucklings. Finally, the new averaged fluxes can be
obtained by simply solving the neutron balance equations. A
new iteration begins by calculating new partial fluxes
based upon the new fluxes just obtained. Iterations are
repeated until the flux changes less than a preset tolerance

criterion.
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IITI. THE THEORY OF ACCELERATING TECHNIQUES

A. The Acceleration of the Iterative Process

For a specific system of equations, if the solutions
are obtained by an iterative process, then it is possible to
ensure the convergence and also to improve the rate of
convergence by applying some kind of mathematical techniques.
These mathematical techniques vary from a simple extra-
polation to some sophisticated matrix manipulations called
"accleration techniques."

Of most techniques being used for acceleration, the
general principle is to split the iteration matrix into
different forms. Following are some fundamental definitions
and theories related to the convergence properties and
accelerating mechanisms; these theories will be used

frequently in the next chapter.

1. General convergence theorems

Definition 3.1: [6] If X'eR" is an approximation to the

solution of the linear system defined by AX = b, the
residual vector for X' with respect to this system is
defined by y = b-AX' = AX-AX' = A(X-X').

The concept of residual vector will be used frequently
as a measure of the closeness of the approximate solution

to the exact solution.
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Theorem 3.2: (6] If X' is an approximation to the solution

of AX = b and A is a nonsingular matrix, then for any natural

norm
, o .
[IX=x* || < [[v]| |[a "] (3-1)
and
x_i‘ < ||al] ||A-11|lllll provided X#0 and b#0,
B | 1b] |
(3-2)

where y is the residual vector for X' with respect to the

system AX=b.

Equations 3-1 and 3-2 imply that the quantities |[A-l!l
and ||A]] ||A_l|| can be used to give an indication of the
closeness between the residual and the accuracy of the

-— L =
approximation; also 3-2 shows the relative error Lx=x"]] is

- [ 1x] ]
bounded by the product of (||A|| ||A 1||).
Theorem 3.3: [6] The sequence {Xﬂ]gzo defined by
x (&) - Aax 1) | o (3-3)

for each £>1 and C#0

converges to the vector X for any

X(O)ERn if and only if p(A)<l.

This theory explains the necessary condition for an

iterative process to be convergent, no matter what the

(0)

initial vector X is. Matrix A must be a convergent matrix,
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From basic vector theory, a convergent matrix always has a

spectral radius less than 1.

2. Rates of convergence

From Theorem 3-3, if ||A|]| < 1 for any matrix norm then

oo

the sequence {XQ}QZO

in Eq. (3-3) converges for any

X(O)ERn to vector XeR" and also the following error bounds
hold
x=xB ) < qpal? 1 1x©@x)) (3-4)
L
|1x-x®) || < AL x ) g (0 (3-5)

1-||al|
again from basic vector theory [7]

0(a) < ||A]] (3-6)

then (3-4) becomes
x=-x®) ] = p@ar?) x(0 x| | (3-7)

If p(A)<l is satisfied and x‘O}zo is to be used in an
iterative technique to approximate X with relative error
of at most lO't, then from Eg. (3-7) the relative error

after & iterations is approximately p(A)n. So accuracy

of 10°% is expected if

p(m)t < 107t
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or

L > = (3-8)

—logloo(A)

Equation (3-8) says that the minimum number of iterations
is inversely proportional to the quantity l/loglop(A). We
are thus led to the definition of the average rate of

convergence by

R(A) = -log p(A). (3-9)

Equation (3-9) gives the essential principle to all kinds
of accelerating techniques, namely, any mathematical
technique to reduce the spectral radius p(A) will improve
the rate of convergence. This is the theoretic foundation
of all accelerating techniques.
B. Stationary Accelerating
Techniques

In this work, the term "iteration" relates to the

solution of the linear system:

AX = b (3-10)

In general, the iteration process can be defined by the

functions
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0o a,b), o, x®,a,p), ¢,x' xW a0 L L,
¢k(x(°),x(l), & M 3 x(”"“l),—A,b)
the sequence X(O),X(l)... is defined by
x{0) . ¢ (A,b)
x (2+1) ¢a2+l(x(0),X(l),...,X(M;A,b) (3=1L1)

I1f, for some integer s>0, ¢ﬁ is independent of & for all
%>s, then the method is said to be stationary. Otherwise
it is nonstationary. A general form for a stationary

iterative method is

L5 G (3-12)

the corresponding form to Equation (3-11) is

x (&+1) _ ¢1(X£;A,b)

Assume we are solving the equation
AX = b

Split A into A = NO—PO

With X(O) arbitrary, then the iterative process is given by
(2) _ {2~-1)
NOX = Pox + k

and with M, = NO—lP0 the iteration becomes

x() =y xD g T
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where

g = Nalb

Now we introduce the one parameter family of splittings

N(a)

(l+a)N0

P(a) (l+a)N0-A = P. + aN

0 0 (3-14)

in order that det|N(a)| # 0, a# -1 is required. If the

eigenvalues of M(a) = N—l(u)P(a) are denoted by u; (a)
s N (9" R
then
Ai+a _ .
ui(a) = yea— L= L [ —— .
because
Ay <1, My (@) < Ay

This means after the splitting operation, the rate of con-
vergence should be improved (refer to Equation 3-9). After
a detailed study of Egs. (3-14) and (3-15), the information
about how to choose the best value of a can be obtained.

The results may be stated as

Theorem 3-4: [8] Let N0 and Py be such that the eigenvalues

4]

Ai of NO— PO are all real and satisfy

Ay <A

1= Mg s DAy

Then the scheme (3) will converge for any a such that
1+Al
(1>T~—>l.
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Furthermore, the largest rate of convergence for these

schemes is obtained when

—Al+l
D R B —————h (3-16)
2
for which value [M(a*) = Min p([M(a)]
% n
= Min(Max |y, (a)|)
i=1
_ An—kl .-
:—Al-kn

Another theory also gives the optimal value which is based

upon a different splitting expression:

Theorem 3.5: [9]

If A is positive definite and tridiagonal then the

optimal choice of w for SOR method is

- = 2 (3-17)
1 % ¥i=pi(a)2

with this choice of w, p(A) = w-1.

Now the problem is how to calculate w this will be

opt’
explained in detail in the next chapter.

C. Nonstationary Accelerating
Techniques
Instead of just using one single fixed accelerating
parameter, a cyclically fixed sequence of acceleration

parameters can be applied to the accelerating scheme which
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has shown a more powerful effect on the speed of convergence.
Assume in each cycle, there are y parameters being
used, say, g0 ...aY, for i = 1;2;+::%s Défine N(ai)
r

and P(ai) as in (3-14) and the corresponding matrices

M(ai) by
(0 8
- _ _ i 1 .
M(ai) = N (ai)P(ai) = TIEI I + l+a1 MO, 1=ty wan,¥
(3-18)

The iterations are defined as follows, with X(O) arbitrary
for L = 1;:2;064

y (2,00 o yx(2=1) (3-19)

yl2,8) _ M(as)Y(R's_l) " N_l(as)f 8 = 1,2,.:4% (3-20)

x(8) o i) (3=21)

where y vectors of 3-20 can be obtained by solving a linear

system of the form

(E,S) (l,s-l)

N(aS)Y = P(QS)Y + f (3=22)

With this notation, one iteration requires the same number
of computations as y iterations in the ordinary acceleration

scheme. The convergence rate can be analyzed by means of

the equivalent formulation

(%) {2-1)

X G L= 1li2ieing (3~23)

= M(al,az...aY)x

From Egs. 3-19, 3-20 and 3-21
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M(al,uz,...aY) = M(al)M(az)...M(aY) (3-24)
the eigenvalues of M(ul,uz...uy) can be determined in terms
of the eigenvalues Ai of MO, 189

Y Yi+aj B
Vg W0y B wafiyd = 8 I+a, Yok

It is an yth degree polynomial

oy = 3 T _—
¥ j=1 %3

then convergence is implied by
IPY(Ai)| 3 | Eor & = L1,2,.:0,8;

If all the eigenvalues of M, are real and lie in the interval

0
a<i<b

the convergence is implied by |PY(A)| €1, & £ X <% bs

In this case, the fastest convergence can be expected for
that polynomial which has the smallest absolute magnitude

in the indicated interval. The Chebyshev polynomial [10]

the property of "the least deviation from zero", so if the
zeroes of the Chebyshev polynomial areused as the accelerating

parameter, the fastest convergence speed should be observed.
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IV. ITERATION BEHAVIOR OF NEUTRON DIFFUSION NODAL MODEL

A. Iteration Processes

There are four processes in the iteration procedure.
These include the partial flux calculation, interface
averaged flux (also called averaged flux) calculation,
buckling calculation and assembly averaged flux (also called
just flux) calculation.

The purpose of the partial flux calculation, as shown
in Fig. 6, is to take the space correlation of neighboring
nodes into the calculation so that the averaged fluxes
51’52""$n can represent the actual situation more accu-
rately. But in the calculation of the partial fluxes, the
average flux value used was obtained from the last itera-
tion. The whole computation becomes a nonlinear procedure
and gives problems in convergence speed and stability be-
havior.

The mathematically averaged flux calculation is followed
by the partial flux calculation which in turn uses the
coefficient set derived from the partial fluxes. The new
averaged fluxes are calculated so that the flux distribution
will keep continuity over the fuel assembly interface as
shown in Fig. 7. After the new averaged fluxes are ob-
tained, the leakage term can be calculated by a simple

evaluation of Eq. (2-28). The buckling term can be
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dimensional view)
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computed in terms of the leakages, then the bucklings can be

substituted into the two group flux equations

2

B9

+ + X

= YL

Za1%1 1-2%1

(4-1)

2 _
Bods + 42 2 = I1.0%

and the average nodal fluxes can be determined. Then these
new flux values will be used in the partial flux calculations

in the next iteration.
B. Sensitivity Study

The purpose of the sensitivity study is to investigate
the characteristics of each of the four relaxation processes
and see which will have the most significant influence on
the overall iteration behavior.

First, we found that without introducing any accelerating
techngiue, the iteration process would not converge. After
applying one standard technique we found that the iteration
converged with the relaxation factor located in a specific
range, i.e., it still will not converge with certain
relaxation factors. Also, the convergence speed varied
quite differently according to the different values of the
relaxation factors.

The sensitivity study was carried out by fixing three of
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the four relaxation factors and then by varying the value of
the remaining one. The number of iterations needed to reach
a preset convergence criterion was recorded. The procedure
was repeated for every relaxation factor.

Figure 8 shows the effect of changing partial flux
relaxation factor from 0.lto 1.4. Figure 9 shows the effect
of changing mathematical average flux relaxation factor
from 0.1 to 1.4. Figure 10 shows the effect of changing the
buckling relaxation factors from 0.1 to 1.2. Figure 11
shows the effect of changing the average flux relaxation
factor from 0.1 to 1.7.

From these curves, it is very clear that one can
easily conclude that buckling and assembly averaged flux
relaxation factors have a stronger effect on the iteration

behavior than the other two.
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V. THE APPLICATION OF ACCELERATING TECHNIQUES

Both stationary and nonstationary accelerating tech-
nigques will be tried and compared in this chapter. A brief
introduction about the test sample problem will be presented
first.

A. The Basic Data for the Sample
Test Problem

The sample reactor chosen for this research was
San Onofre I, a pressurized water reactor built by
Westinghouse and operated by Southern California Edison Co.

Figure 12 shows the fuel assembly arrangement of the
guarter core in two-dimensions. Table 1 lists the basic
data of the reactor.

B. Application of the Stationary Accelerating
Techniques

The general form of linear stationary accelerating method

is

¢(n+l) (n)

= G¢ + k (5-1)

Depending upon the expression of G, there are more than 10
different accelerating techniques [11]. Among these methods,
the Successive Overrelaxation (SOR) method is the

most popular and most powerful one. So we will concentrate
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H 6 7 8 9 10 11 12 13
J 14 15 16 1 18 19 20 21
K 22 23 24 25 26 27 28
L 29 30 31l 32 33 34 35
M 36 37 38 39 40 41
N 42 43 44 45 46
P 47 48 49 50
R 51 52
Figure 12. Fuel assembly arrangement of the sample

reactor




Table 1. Basic data of sample test reactor

Rated core heat output, MWe

System pressure, psia
Coolant flow, 1lb/h
Coolant temperature, °F
Nominal inlet
Nominal outlet
Full assemblies
Rod pitch, in.
Fuel weight, 1lbs
Total weight

Number of fuel assemblies

3390
2250

1.48 % 16°

553

649.2

0.5063
223.9 % 10
314867

LT

3
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our effort in the application of the SOR technique to the

Diffusion-Nodal model.

1. The SOR method

The iterative matrix for the SOR method in (5-1) 1is

G = (I—mL)_l(mU + (1l-w)I) (5-2)

a more usable form for SOR is

L) v & (Lepyg (5-3)

or

(n+1) (n)

6 = ¢ (n),

+ w(¢*=¢
where ¢* is obtained from the Gauss-Seidel iterative method.
The most important procedure when using the SOR method is to
determine the optimal relaxation factor w, which can be

calculated from Theorem (3-5)

W B st (5-4)

The new spectra after the SOR modification is

Mot = 4 Y7 Yopt
p' = 2 2 _ o 1/2
2 * opt

Figure 13 shows the effect of a changing w on p' (5-5)



39

p' Spectral radius

opt

1.0 1S
Relaxation factor

Figure 13. p' vs. w for p, = cos(%%)
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It shows a larger lossof convergence rate will occur if the
w is slightly below the optimal value when compared to the

case when w is slightly beyond the w This means, 1if

opt”
the exact wopt can't be determined, then it is better to over-
estimate w instead of underestimating it.

From Eq. (5-5), if we know p then wopt can be calcu-
lated very easily. The traditional way to calculate p
is very tedious and time consuming (it may take more
computing time than the direct solutions). There are two
strategies to estimate w depending upon what the problem is.
If a series calculation based on the same reactor is to be
performed, then we can try several different w's and a
curve like Fig. 13 can be plotted. The optimal w can be
determined from the curve. This mopt can be used in the
succeeding calculations. If the reactor problem is
different every time, then a different approach would be
applied. The calculation would start with a nonoptimal w,
then while the calculation is proceeding, a new p is con-
tinually estimated. Theoretically, if the estimating
formula is suitable, the estimated p will approach the
exact p and the optimal w then can be found. The practical
problem is that the time spent in the calculation for finding
the wopt should not exceed, say, some certain percentage of

the computing time when no relaxation technique is used.

In this research, both strategies are applied and the
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results are compared.

2. SOR with a fixed relaxation factor

The easiest way to use the SOR method is to apply a
fixed-value relaxation factor, because there is no need to
calculate p for the determination of the optimal relaxation
factor. On the other hand, the convergence will not be the
fastest.

Table 2 shows the comparison of the convergence rate
between a nonaccelerated calculation (data with * mark) and
an accelerated calculation. The relaxation factors used in
the accelerated calculation are chosen arbitrarily; all are
0.5. The convergence rate is not very satisfactory, but
it ismuch petter than the nonaccelerated calculation which
did not converge.

If all the calculations are based on the same reactor
then we may try to find the optimal relaxation factors by
going through a thorough search. Since we have four
relaxation factors waiting to be optimized and possibly
there are interactions between these relaxation factors,
an iterative-like approach will be used to find the optimal
combination of the relaxation factors.

The process starts by keeping three factors at one fixed
vaue and by changing the value of the remaining one.

An optimal value for this relaxation factor can be observed
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under such circumstances. Using the same procedure, one
can find the optimal values for the other three factors.
After the optimal values are obtained, the same procedure
can be tried again but with a different sequence. If
these factors are linearly independent, then the same optimal
values should be observed.

Fig. 14 shows the result from the calculation. The
optimum combination for the sample problem was 0.7, 1.1,
0.4 and 1.3 for buckling, partial flux, interface average

flux and assembly average flux relaxation factors.

3. SOR with varying relaxation factor

The exact eigenvalue is difficult to find before the
iteration starts,but we may try to estimate it while the
iteration process is going. The estimation mechanism is based
upon the following explanation [3]..

If A is the iteration matrix and there are n elements
within A, there are also n eigenvalues Py i=1l,n, corresponding
to each element. These eigenvalues are the sources of the
error in the sense of the difference between the exact solu-

tion and current estimated value at iteration 2.

(=) _ L(R) G2 "
xi xi = ; Aijop (5-6)
J
As -, p§+0 (because pj<l), the contribution from the

largest pj will dominate the error decay rate. Elimination
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of the constant Ai 3 from Eq. (5-6) results in

r

x{®) - x ) g o gVl
— o & R - (5-7a)
x() —x (1) xTD (2
B 1 1 1
and
21 - gk
2 2 : P (5-7b)
w B _ g l%=1} 1.0-p
1 1

The absolute error is reduced by p after each iteration
(=)

and the ratio between the absolute error (Xi -X;p)) to
the iterate change depends upon the reciprocal of 1.0-p.
These two formulas give a practical and efficient way to
estimate the eigenvalue which in turn can be used to find
the optimal relaxation factor. The estimating formula
(5-7) can be used to find the ratio between two succeeding
absolute errors; the ratio will approach the eigenvalue.
The estimation can be started after several iterations
have been performed. This will reduce the fluctuations.
Also, the estimating calculation doesn't need to be per-
formed at every iteration because the approach to the
eigenvalue is quite smooth. Based upon investigation of
the iteration behavior, the appropriate time to estimate p
can be decided. However, in this research, the estimation

was performed every 8 iterations. Fig. 15 shows that p

approaches a constant as the number of iterations increases.
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Fig. 16 and Fig. 17 shows the error decay behavior.
Table 2 gives the idea of the effectiveness of the

acceleration technique.

Table 2. The effectiveness of SOR

Number of iterations to reduce error to €

5 WI%Hbut. SOR with SOR with
acceleration® wB=wP=m9=0.5 optimum w's

0.01 16 16 10

0.001 50 50 19

0.0001 185 97 30

0.00001 >300 145 41

0.000001 >300 194 48

a
Does not converge.

C. Application of Nonstationary Accelerating
Techniques [12]

The general form for a nonstationary method is

U(ﬂ.+l) _ G(ﬂ.)UO & ki

where

¢¥ = g,q,_

and
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Given a stationary iterative method, one can often find an
associated nonstationary method which will converge faster
than the given method. 1In the following paragraphs, a
nonstationary method will be derived based on the SOR method

which was introduced earlier in this chapter.

1. The minimax problem

The derivation starts with a general form of the SOR

method

#5514 gf®h gt - g 1E1EE) (5-8)

where the relation to the w in Egq. (5-4) is

w=1+286

Consider the matrix form of the iteration formula

A¢(t) - A(t)¢*(t+l) (5-9)
Combine (5-8) and (5-9)
(t+1) _ (t) A _ 4 (E) (t) _
¢ [(1+6 ) ITET 3] I1¢ (5-10)
(t)
: ) _n{E])
Define R as Rt = [_;TET—]A 9 I
Then (5-10) can be rewritten as
§ () o g g0 (5-11)
then it is obvious
t+1
PR l...R1R0¢(0) (5-12)

n n-
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Assume there are m eigenvalues and m eigenvectors of A

represented by

o_ < g & ;av€ O 1 (5-13)

R L
these eigenvectors form a complete set for the vector
space of H.

The initial guess can be represented in terms of these

eigenvectors
m
¢(0) = I Ckak (5-14)
k=1
Since Qg is an eigenvector of A, then we can write
(1) .
_ l1+6 _a £3)
Rjak = [——;5——]Aak 3] Gy
(3) ;
1+6 =y
[ A(j) Oy 8 ]uk (5-15)
Plugging (5-14) into (5-15), we find
¢(£) = Rﬁl R. ? Ckak
j=0 J k=1
or
m 2~1 (3) "
% = T 1 (5i§7w7 0,-8 9 10, (5-16)
k=1 ~ §=0 A\

Because the convergence rate is dominated by the largest
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eigenvalue 9y and its associated eigenvector g Eqg.

(5-16) can be rewritten as

g P
AJe
% () - 0
-1 3 g m k J
N R [1+g 0,-6910c o+ 1 [_____lgﬁjquk} (5-17)
1 1447
or
¢(Q) = B[Oy, + ? & (6,0, )0, ] (5-18)
A R N N 5 R S =
where
=1 J .
£, = 1 (18~ 5 _g3y (5-19)
j=1 7
and
\Jg3
-1 %% ~ 3
g, = I 1+6- , (5-20)
j=0  _ aJe’
L 1467

From Eq. (5-18) we can find the criterion for choosing
the optimum set of extrapolation parameters 67 such that
the function gﬁ(e,ck) will have a minimum value.

By changing variable

0P i)
% Ozfc - OZ_Gm (5-21)
2 m 2 m

then

he (8,u) = g, (8,9)
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Now we seek the polynomial which minimizes

max |h1(6,u)|
l<u<l
This is a typical minimax problem often found in approximation

problems.

2. Chebyshev polynomials

From the study of approximation problems and the
characteristics of Chebyshev polynomials, the following

theorem gives the solution to this minimax problem.

Theorem 5-1: [13] Among all polynomials of degree m in u

having the value +1 at ul>l, there is just one having the
minimum-maximum absolute value throughout the interval

(-1,+1), namely the polynomial.

Sm(u) = Tm(u)/Tm(ul) [5-22)

th

where T _(u) is the m "-order Chebyshev polynomial, obtained

by expanding

Tm(u) = cos(m cos-lu) (5-23)
in powers of u.

To make
Tn(u)

h (6,y) = ————
n Tn(ul)

we can equate the zeroes of each polynomial since they both
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have the same value at M=y .

The zeroes for Tn(u) are
= - = R o -24
My Cos——5— m, =0, n-1 (5 )

The zeroes for hn(e,u) are

LR O~+0
= [X BE] = 72_Um, 8=0,1; oo oR=Ls (5-25)
m 1+6 Y2 m

U, = =
17 02 g

Equating Egs. (5-24) and (5-25), one has

O.,=C
1+ ( 2 m)C (22+1) .
+0 2n
(2) _ 2 m
0 (n) (2) 0,=0
2) T o e g MBI (5-26)
102+om) 62+0m 2n

This is the optimal set of relaxation factors which will

give the best result.

3. The implementation

To apply the result given by Eg. (5-26), the eigenvalues
9, and Om must be known in advance; this turns out to be the
same problem which happened in the stationary SOR method
because we are never privileged to have eigenvalues on
hand in a practical case. Some more approximations must be
made before we can put this theory into practice.

To reduce Eg. (5-26) to a simpler form, the Um may

be neglected by comparison to o then we get

2!
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() 1 + cos[iﬂ%%lLﬂ
8 (n) = ) (5=-27)
2A -1 —co [(2£+l)w]
o] 2 2n
2
Now, define
— 94 %2
0 = max|-= Bt
i#l 71 1
and
_ 20+1
Cl(n) = 1 + cos T
therefore, (5-27) becomes
g C,(n)
5 py = e (5-28)
2—0C2(n)

The parameter ¢ is often called the dominance ratio. Since
it gives the magnitude of the separation between the largest

eigenvalue and the second largest. o is estimated by

_ R(2)
g = W (5—29)
where
(%) T () |, (2-1)

Now we need to determine what degree Chebyshev polynomial
will be likely to reduce the eigenvalue error to an
acceptable value. The maximum value of |hn(u)| in

interval [-1, 1] is l/Tn(ul). This can be taken as a measure

of the reduction of the coefficients of all eigenvectors with
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eigenvalue in the range o to Oge
Since
Wy = ulog) = it S
1 1 0,=0p 05=0pn
neglect om,
20
ul ~ a_l- -1 = % -1
2 a
Define
A(Q)i(i)
5-30
e (L) NG ( )
Assume € is a preset criterion, then the degree of
Chebyshev polynomial is decided such that
L (2)
——— < €y (5-31)
T (= -1)
0.

We perform a cycle of iterations using a sequence of 8's
given by Eq. (5-28), 2=0,1,...n-1. If convergence still has
not been achieved, a new n is calculated based on the in-
equality (5-31) and another cycle of n iterations is
performed.

Fig. 18 shows the error reduction relative to the
number of iterations, Fig. 19 shows the convergence rate

vs. number of iteration.
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C. Comparison of Methods

Table 3 shows the results of a nonaccelerated calcula-
tion, the iteration process is very unstable and diverges.
Table 4 shows the comparison between these two acceleration
methods in terms of the number of iterations needed to reduce
the error down to a specific criterion. Case 1, accelera-
tion with optimal relaxation factors, has the best result
and is almost 10 times faster than the case 2 in which all
relaxation factors were chosen arbitrarily. Case 3 is
SOR with a varying relaxation factor. The convergence rate
is twice that of case 2, but it is slower than case 1.

The Chebyshev calculation behaves very much like the
SOR method. Theoretically, the Chebyshev extrapolation
should have faster rate than the SOR method. The reason
this does not happen is because the estimation of some of
the key terms is not accurate enocugh. This reduces the
effectiveness of the Chebyshev extrapolation.

If accelerating techniques are applied with Wpr Woy wp
all at their optimal values, an improvement by 3-4 times
faster is observed. This accounts for the interactive

influence between these relaxation factors.
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Table 3. Calculation without acceleration
(%)
(£) . (%=1) no o,
Iterations Tl ¢1 ¢1 [ Z (——————— —1)2]1/2
i=] - (2-1)
i=1 ¢
1 .. 230 0.0841
2 0.184 0.0804
3 0. 215 0.0867
4 0.281 G.1l159
5 0.440 0.1587
6 0.641 0.24134
7 0.968 0.4097
8 4,191 2.66481
9 2.351 3.09604
10 995.918 414.128

Table 4. Comparison between different accelerating techniques

Number of iterations needed to reduce
the relative error to:
0.01 0.001 0.0001 0.00001L 0.00000L1

1. SOR with optimal

factors 6 12 19 28 39
2. SOR with arbitrary
chosen factors 9 33 133 267 X
3. SOR with vgriable
relaxation 1 32 78 30 194
4. SOR with variable
relaxation® % | 26 37 42 48
5. Chebyshev® 10 29 81 128 207
6. Chebyshev® 8 22 35 53 55
a — — — —
wa—wP—w —wx—O.S.
mB=wp=m =0.5, W is calculated by (5-4).
CmB=o.7, wy=l.1, ©4=0.4, w  is calculated by (5-4).
de=wp=we=0.5, w, is calculated by (5-28).
Cwg=0.7, w,=1.1, wg = 0.4, w, is calculated by (5-28).



60

VI. SUMMARY AND CONCLUSIONS

The complete theory of acceleration mechanisms has not
been fully developed [ 3], and many acceleration techniques
are only based upon experience and empirical formulas [14, 15].
Although in some cases the optimal accelerating parameter
can be formulated (4-16 and 4-17), the actual evaluation
of the formulas may take prohibitive computational times.

An approximation is always needed which is a deficiency of
the technigue. However, the overall performance is im-
proved, sometimes impressively, as we saw in earlier
discussions.

Besides the SOR and Chebyshev extrapolation accelerating
techniques, there are other different techniques being used
widely, e.g., the ADI method, the conjugate gradients method,
etc. The reason we didn't try these methods is that they
are much more matrix-oriented techniques, i.e., a compli-
cated matrix representation and manipulation are required
when applying the technique. This turns out to be the
current major concern of the Neutron Diffusion-Nodal model--
the matrix form of this model which has not been developed
completely. Although this model behaves quite well in
many aspects, a strict and complete matrix representation
will be very important if further improvement is expected.

There are four relaxation factors which are adjustable
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and need to be optimized. There is a strong interactive
influence among these factors. A closer study of the inter-
relation of these factors may lead to the simplification of
the whole model. The reason is that if some of the re-
laxation factors could be combined into one single factor,
then both the computational procedure and acceleration

process might be simplified significantly.



~J
.

il

62

VII. BIBLIOGRAPHY

Delp, D. R., D. L. Fischer, J. M. Harriman, and M. J.
Stedwell. 1964. FLARE — A three-dimensional Boiling
Water Reactor Simulator. USAEC Report GEAP-4598. General
Electric Company, Atomic Power Equipment Department,
New York.

Rohach, A. F. Private communication. Department of
Nuclear Engineering, Iowa State University, 1980.

Vondy, D. R., T. B. Fowler, and G. W. Cunningham.
1977. VENTURE: A code block for solving multigroup
neutronics problem applying the finite difference
diffusion-theory approximation to neutron transport.
Version II. Oak Ridge Natl. Lab, Tennessee.

Duderstadt, J. J., and L. J. Hamilton. 1976. Nuclear
reactor analysis. John Wiley and Sons, Inc., New York.

Ahlin, A., and M. Edenius. 1975. EPRI-CPM: The col-
lision probability module. EPRI Research Project 118-1.

Burden, R. L., J. D. Faires, and A. C. Reynolds. 1978.
Numerical analysis. Prindle, Weber & Schmidt, Boston,
Mass.

Faddeev, D. K. and V. N. Faddeeva 1963 e i

K. s N " & omputational
metho@s of linear algebra. W. H. Freeman and Co., San
Francisco, Calif. '

Isaacson, E., and H. B. Keller. 1966. Analysis of
numerical methods. John Wiley & Sons, New York.

Varga, R. S. 1962. Matrix iterative analysis.
Prentice-Hall, Englewood Cliffs, New Jersey.

Carnahan, B., H. A. Luther, and J. 0. Wilkes. 1969.

Applied numerical methods. John Wiley & Sons, Inc.
New York. '

Young, D. M. 1971. Iterative solution of large linear
systems. Academic Press, Inc., New York.



L2

3 s

14,

15.

63

Thomas, J. R. 1974. Reactor statics module R5-8:
Three group criticality program. Department of Nuclear
Engineering. Virginia Polytechnic Institute,
Blacksburg, Va.

Flanders, D. L. and G. Shortley. Numerical determina-
tion of fundamental modes. J. Appl. Physics 21, 1326.
1950.

Wachspress, E. L. 1966. Iterative solution of elliptic
systems and applications to the neutron diffusion
equations of reactor physics. Prentice-Hall, Englewood
Cliffs, New Jersey.

Forsythe, G. E., and W. R. Wasow. 1960. Finite dif-
ference methods for partial differential equations.
Wiley, New York.



64
VIII. ACKNOWLEDGMENTS

The author gratefully acknowledges the kind guidance
of Dr. Alfred F. Rohach in the pursuit of this study.

I wish to thank the Institute of Nuclear Energy Research,
the Republic of China, for the financial support during the
entire period of this study.

I wish to thank all of my fellow degree candidates
in the Nuclear Engineering Department for their helpful
discussions and suggestions. Special thanks to Mr. Li-Wei
Ho and Mr. Cho for the advice in the computer work.

I also wish to thank the Department of Nuclear Engineering
for providing assistance for this study.

Finally, I wish to record the debt to my family for

their constant encouragement and help.



