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For the solid PCM the integration element, Equation (4.4), is nondimensional­

ized using Equation (3.37), which results in the following integration. 

( 4.29) 

Using the temperature distribution for the solid PCM and the integration as above, 

Equation (3.40), the dimensionless governing equation for the solid PCM, can be 

integrated to yeild 

where 

Y2 = �o�~�K�1�J�)�E� + 1 

Y3 = (38: - 100; + �1�0�0�~�)�K�w�E� + 48; - �1�5�0�~� + 20 

Y4 = r w(Bi + 2) - Bi 

( 4.30) 

In this equation 86 is the dependent variable. At time zero the right-hand-side of 

Equation (4.30) becomes 3 leaving 

(4.31 ) 

Once again the governing equation for the thermal penetration depth is singular at 

time zero. Similar to subproblem 1, dsV2t is substituted for �~�s�.� This results in the 

following equation where ds is now the dependent variable. 

• 2 Y2 Y1 Y1 . . 
2dsdst + ds = 60Y3 - Y3.B - Y3Y4 (Bl + 2)r w ( 4.32) 

where 



80 

Yl = [(dsv'2t)5 - 5(ds J2t)4 + 10(dsv'2t)3] KwE + (dsJ2t)4 - 5(dsV2t)3 

+10(ds V2t)2 

Y2 = d.V2tKw~ + 1 

Y3 = [3(d s V2t)3 -lO(ds V2t? + lO(ds J2t)] KwL + 4(ds V2t)2 

-15(d.V2t) + 20 

Y4 = r w(Bi + 2) - Bi 

The initial condition for this equation is 

The dual final condition for subproblem 2a is 

t2a = t when as Case 2a =} Case 2b 

or 

t2a = t when as Case 2a =} Case 3a 

This completes the application of the integral method to this subproblem. 

(4.33) 

( 4.34) 

4.4 Case 2b: Continued Heating of the Solid PCM and Wall 

Quadratic temperature profiles like those in Equations (4.23) and (4.24) are 

assumed for the wall material and solid PCM. Once again matching boundary con­

ditions at the wall-PCM interface require the coefficients for the two temperature 

profiles be solved for simultaneously. Applying the boundary conditions for the wall 

material and those for the solid PCM, Equations (3.46) and (3.52) respectively, re­

sults in the following temperature profiles. 

( 4.35) 
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Til = r ll + Kw~ [2(rll - r w) + Bi(l- r wJ (rll _ r;) 

Where r II is the temperature at the wall-PC1.1 interface defined as 

( 4.36) 

( 4.37) 

For this subproblem radial position in the wall is nondimensionalized using 

Equation (3.31) identical to the previous subproblem. As a result of this similarity 

the dimensionless integration element for the wall is also the same, Equation (4.26). 

Substituting in the temperature profile for the wall into Equation (3.34) and inte­

grating yields 

where 

BiA2 + 2r ll Al - r w(BiA2 + 2Al) = [,Br w(A3 + BiA4) 

+f w(biA4 + A3) + f ll A5 + ,Br1l A5 - ,BBiA4] /60AwA1 

Al = ~2 

A2 = (b + I? + b 2 

A3 =40(b+l)2-30(b+1)+8 

A4 = 10(~ + I? - 10(~ + 1) + 3 

A5 = 20(~ + 1)2 - 30(b + 1) + 12 

( 4.38) 

This equation is used to determine the dependent variable r w' The initial condition 

for this equation is given by the end of case 2a 

( 4.39) 
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Dimensionless radial position in the solid PCM is given by Equation (3.48). 

Nondimensionalizing the volume element yields the following integration. 

( 4.40) 

With the quadratic temperature distribution in the solid PCM and the integration 

above, Equation (3.50) is transformed into the ordinary differential equation found 

below. 

(Bi + 2)r w - 2f5 - Bi = (lS~w~) 
x {[(Bi + 2)fw + (3(Bi + 2)rw - 2f6 - 2,Br. - ,BBi] Kw~ - Sf. - 5(3r.} (4.41) 

The initial condition for the dependent variable f6 is obtained by equating the 

temperature profile in the wall material from Section 4.3 and the temperature profile 

in the wall material from this subproblem. Solving for r 6 yields 

( 4.42) 

The final condition for this subproblem is now stated as 

t 2b = t when ( 4.43) 

4.5 Case 3a: Beginning of Melting 

In this subproblem a third region is introduced into the problem, the liquid 

PCM. As a result of this three quadratic temperature profiles are assumed; one for 

the wall, one for the liquid PCM and one for the solid PCM. Using the boundary 

conditions Equation (3.62), (3.64) and (3.73), the temperature profiles are 

Tw = rw - Bi(l- rw)rw + [Bi(l- rw) - rw + ;~ ll'~ ( 4.44) 
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( 4.45) 

( 4.46) 

where 

11 = Sb + (1 - Sb)tZfl 

fl is the temperature at the wall-PCM interface. 

Position in the wall material is nondimensionalized the same way it was in the 

previous subproblem, leading to the same dimensionless integration element, Equa-

tion (4.26). Substituting in the temperature profile for the wall into Equation (3.34) 

and integrating results in the following equation. 

(f w -1)( -A1Bi - A3)Tf - A3Tf + A3/1 = [(f W -1)f3(A5 + A2Bi)Tf 

where 

11 = Sb + (1 - Sb)tZfl 

11 = (1 - Sb)(Zfl + tZfl + tZfl ) 

A1 = _~2(2~ + 1) 

A2 =10(~+1)2-1O(~+1)+3 

(4.4 7) 



A4 = 20(~ + 1)2 - 30(~ + 1) + 12 

A5 = 40(~ + 1)2 - 30(~ + 1) + 8 
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This is the equation used to determine the dependent variable r W' The initial. 

condition for this equation is given by the previous subproblem 

( 4.48) 

The integration element for the liquid is nondimensionalized using Equation (3.55). 

The result is shown below. 

( 4.49) 

Substituting the temperature profile for the liquid into Equation (3.63) and inte-

grating as above yields 

[Y3f l + Y6(tZ + Z)rl +;2 ([-,8(Bi + 2)(r w -1) - (Bi + 2)t w - 2,8] TfYl 

+ ([-(Bi + 2)(r w - 1) - 2]Tf + 2;d (tZ + Z)Y5) + 2i'1;2Y1] /10).l 

where 

;1 = Sb + (1 - Sb)tZr l 

;1 = (1 - Sb)(Zrl + tzr t + tZft ) 

Kw~ 

Yl = 2(tZ)5 - 9(tZ)4 + 15(tZ)3 - 10(tZ)2 

( 4.50) 
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Y2 = 5{tZ)3 - 16{tZ)2 + 18(tZ) -12 

Y3 = 5{tZ)5 - 24{tZ)4 + 45(tZ)3 - 40(tZ)2 

Y4 = 9(tZ? - 28(tZ)2 + 30(tZ) -12 

Y5 = 10{tZ)4 - 36(tZ)3 +45{tZ)2 - 20(tZ) 

Y6 = 25(tZ)4 - 96(tZ)3 + 135(tZ)2 - 80(tZ) 

The dependent variable for this equation is fl' The initial condition for f i is 

( 4.51) 

The temperature profiles for the solid and liquid PCM are substituted into the 

interface equation, Equation (3.69). Evaluating the partial derivatives of tempera-

ture leads to 

. { 2Sb } tZ + Z = AiSte 2ri - Kl(l _ Sb)b
a 
+ 12 [{Bi - {2 + Bi} r w)Tj + 21d 

where 

II = Sb + (1 - Sb)tZfl 

KwL, 

( 4.52) 

The dependent variable in the above equation is Z, the dimensionless melting rate. 

The initial condition for the interface equation is 

Z(t = 0) = 0 ( 4.53) 

For the solid PCM the volume element, Equation (4.4), is nondimensionalized 

using Equation (3.58). This results in the following integration element. 

( 4.54) 
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With the solid PCM temperature profile given in this section and the above integra­

tion, the integral method can be applied to the dimensionless governing equation 

for the solid PCM yielding 

where 

15Y28 .. + 20Y18; + 18Y3 + 158; = 

[(tZ + Z)(30Y28; + 30Y18; + 18Y3c .. + 18c!) 

+ h .. (15Y28; + 18Y18; + 6Y38. + 128!)1/2 

Yl = 3(tZ) - 3 

Y2 = 6(tZ)2 - 12(tZ) + 6 

Y3 = lO(tZ)3 - 30(tZ)2 + 30(tZ) -10 

( 4.55) 

The dependent variable in this equation is the thermal penetration depth and the 

initial condition is given by the end of case 2a 

( 4.56) 

The final condition for this subproblem is still correctly given by Equation (3.74). 

4.6 Case 3b: Intermediate Melting 

With conduction occurring in the wall, the liquid PCM and the solid PC11 

three quadratic temperature profiles are assumed. The temperature distributions 

are partially determined using the boundary conditions for the three media. Equa­

tions (3.62), (3.64) and (3.86) are the boundary conditions for the wall, liquid and 
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solid PCM, respectively. The temperature distribution for the wall material and 

the liquid PCM are given by Equation (4.44) and (4.45), respectively, while the 

distribution for the solid PCM is given by 

T6 = r 6 + (1 - r 6 )r; ( 4.57) 

The variable r 6 is the temperature of the solid phase change material at the center 

of the sphere: 

( 4.58) 

Because the governing equations, temperature profiles and dimensionless vol-

ume integration terms for the wall and liquid PCM are the same for this subproblem 

as they were for the previous subproblem, the ordinary differential equations are 

also the same. They are given by Equation (4.47) and (4.50), wall and liquid PCM, 

respectively. The initial condition for r w is given by the end of subproblem 3a or 

subproblem 2b, depending on the route taken as demonstrated by Figure 2.6. For r l 

the initial condition also depends on the path taken. Coming from subproblem 2b 

the initial condition is given by Equation (4.51). Alternatively the initial condition 

is given by the end of subproblem 3a when that route is taken. 

If the temperature profiles are substituted into Equation (3.82) the resulting 

interface equation is 

( 4.59) 

The initial conditions for this equation are still correctly given by Equation (3.83). 

For the solid PCM dimensionless radial position is defined by Equation (3.77). 

Nondimensionalizing Equation (4.4) results in the following integration element. 

( 4.60) 
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With the temperature distribution for the solid PCM and the integration above, 

Equation (3.84) is integrated yielding the following ordinary differential equation. 

( 4.61) 

Where the initial condition depends on which subproblem proceeds this one 

when Case 2b =;> Case 3b 

r 6(t) = 1 + Kw:E - (K;:,) [(2 + Bi)r w - Bi] 

or ( 4.62) 

when Case 3a =;> Case 3b 

r .. (t) = 0 

The final condition for this subproblem is still given by Equation (3.87). 

4.7 Case 3c: End of Melting 

Following the procedure outlined in Section 4.1, quadratic temperature pro­

files are assumed for the container wall, the liquid PCM and the solid PCM. The 

boundary conditions are still correctly given by Equation (3.62) and (3.64) for the 

wall and liquid PCM respectively. Therefore the temperature profiles for the wall 

and liquid are the same as the previous subproblem. Equation (4.44) is the wall 

temperature distribution and Equation (4.45) is the liquid profile. The boundary 

conditions for the solid PCM are given in Equation (3.86) and when applied to a 

generic temperature profile yield the temperature distribution 

( 4.63) 

where 

f6 = T .. (r6 = O,t) 
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The application of the integral method to the wall material and liquid PCM 

is identical to that in subproblem 3b. Therefore the ordinary differential equations 

for the wall material and for the liquid PCM are correctly given by Equation (4.47) 

and Equation (4.50), respectively. The initial condition for both are given by the 

end of the previous subproblem. 

The liquid and solid PCM temperature distributions are substituted into the 

interface equation, Equation (3.96). The resulting equation is 

Z tZ _ ( AlSte ) 
+ - Kl(1- Sb) 

x {2(1 - Sb)Klrl - 2Sbf6 + KwE [(Bi - {2 + Bi} f w)TJ + 2,1]} ( 4.64) 

where f 6 is the temperature of the solid PCM at the center of the sphere. The 

initial condition is given by Equation (3.97). 

Dimensionless radial position for the solid is given by Equation (3.77); there­

fore, the nondimensional volume integration element is Equation (4.60). Substi­

tuting the solid temperature profile for this subproblem into Equation (3.98), the 

governing differential equation for the solid PCM, yields 

( 4.65) 

The initial condition for the above equation is derived by equating the solid tem­

perature profile from this subproblem with the solid profile from the previous sub­

problem. The resulting condition is 

1 - f' 
f.(t = t3b) = II 

1- n ( 4.66) 
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where r~ is the value of r~ at the end of subproblem 3b. The final condition for 

this subproblem is given by Equation (3.101). 

4.8 Case 4a: Sensible Heating of the Wall and Liquid PCM 

As stated in Section 2.8 this subproblem deals with the occurrence of a step 

change in the boundary condition for the liquid PCM at the center of the sphere. 

The extended integral method by Goodman (1964) will be used to accommodate 

this sudden change. 

At the instant before melting is complete the liquid temperature profile pos­

sesses a gradient at the liquid-solid PCM interface. When the last bit of solid melts 

the liquid temperature profile is suddenly bounded by the center of the sphere, 

where the heat transfer is zero, rather than solid PCM. Correcting this discontinu­

ity according to the extended integral method requires the introduction of a second 

temperature profile in the liquid PCM. This second profile will act as a correction 

factor when added to the original liquid profile. The sum of the two profiles satisfy 

the adiabatic condition at the center of the sphere. So the temperature distribution 

in the liquid is 

( 4.67) 

The temperature profile Tl is called the base profile. Its initial condition is the 

temperature profile in the liquid at the end of melting. For t > 0 the base profile 

is an extension of the liquid profile from the previous subproblem. The gradient 

at the center of the sphere is fixed at a constant value, equal to the temperature 
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gradient in the liquid PCM at the end of melting. This constant is defined as 

Tl,3C(t = t3J is the liquid PCM temperature from subproblem 3c, Section 4.7, at 

the end of melting. Thus the discontinuity in the boundary conditions is 

aT. I {G at t = O-

ar; I = 0 at t 2: 0+ 
( 4.69) 

The initial condition for TI is 

for 0 ~ rl ~ 1 ( 4.70) 

and the boundary conditions are 

(ia) 

or 

(ib) ( 4.71) 

(ii) faT' G = constant 

A quadratic temperature profile is assumed for the wall material as well as for 

the temperature profile TI . The boundary conditions for the wall, Equation (3.62), 

and the above boundary conditions are used to derive the profiles Tw and TI . The 

distribution in the wall is given by Equation (4.44). TI is given by 

( 4.72) 

where 
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/1 =Sb+(1-Sb)fl 

/4 = Bi - (2 + Bi)f w 

The application of the integral method to the wall temperature profile is iden­

tical to that of the last subproblem. The ordinary differential equation for the 

dependent variable f w is the same and is given by Equation (4.47). The initial 

condition is given by the end of case 3c. 

For the liquid PCM the integration element is nondimensionalized using Equa­

tion (3.103) resulting in the following dimensionless form. 

(4.73) 

substituting the Tl temperature profile into Equation (3.108) and integrating as 

above yields 

( 4.74) 

The initial condition for the dependent variable f l is given by the previous sub-

problem. 

The temperature profile T2 is called the correction profile. When added tQ T1 , 

the sum Tl = Tl + T2 satsifies the boundary conditions given in Equation (3.110). 
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At the beginning of this subproblem a penetration depth is started from the center 

of the sphere. The correction profile T2 only has an effect on the base profile, T1 , 

within this penetration depth as shown in Figure 2.11. When the penetration depth 

extends all the way through the liquid PCM this subproblem is over. 

A generic quadratic temperature profile is assumed for the correction profile. 

The boundary conditions for T2 are as follows. The first boundary condition assures 

that T2 has no effect on Tl outside the penetration depth 

(i) ( 4.75) 

The second boundary condition allows T2 to blend smoothly into Tl 

(ii) (4.76) 

The last condition ensures that when T2 is added to Tl the symmetry boundary 

condition at the center of the sphere is satisfied 

( iii) aT21 =-G 
arl 1 

Applying these boundary conditions to the generic profile of T2 yields 

(4.77) 

(4.78) 

To obtain a third ordinary differential equation the temperature profiles Tl and T2 

are added together, substituted into Equation (3.108) and integrated according to 

Equation (4.73). The resulting equation is shown below. 
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(4.79) 

This equation will be used to determine the dependent variable St. The initial 

condition for St is given by 

at t = 0 ( 4.80) 

Designating the right-hand-side of Equation (4.79) as b, leaves 

(4.81 ) 

Once again the formulation is singular at t = o. To scale out this singularity assume 

( 4.82) 

Given the above 

( 4.83) 

letting n = 4 

( 4.84) 

and substituting into Equation (4.81) yields 

(4.85) 

Solving for d at time zero yields the initial condition 

( 4.86) 

As long as biG is negative, d is a real number, and Equation (4.85) is nonsingular. 

The final condition for this subproblem is still correctly given by Equation (3.111) 

but with 

( 4.87) 
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4.9 Case 4b: Continued Heating of the Wall and Liquid PCM 

The application of the integral method to the equation for the wall material is 

identical to the previous case. The temperature profile is given by Equation (4.44) 

and the resulting ordinary differential equation is given by Equation (4.47). The 

initial condition is the value of r w at the end of subproblem 4a. 

A quadratic temperature distribution in the liquid PCM is assumed. Applica­

tion of the boundary conditions, Equation (3.110), to the profile results in 

(4.88) 

where 

II = Sb + (1 - Sb)rl 

14 = Bi - (2 + Bi)r w 

For the liquid PCM the dimensionless integration element is Equation (4.73). 

Application of the integral method with the above temperature profile results in 

the ordinary differential equation 

( 4.89) 
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The initial condition for r l , the dependent variable, is given by subproblem 4a at 

t = t4a • The final condition for this subproblem is correctly explained at the end of 

Section 2.9. 

This completes the application of the integral method. The integral method 

has successfully reduced the second order partial differential equations given in 

Chapter 3 to first order ordinary differential equations. The integral method was 

not applied to the fluid equation because it was already an ordinary differential 

equation. The following chapter discusses the numerical method used to solve the 

equations derived in this chapter. 
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5 NUMERICAL METHOD AND COMPUTATION PROCEDURE 

Although the application of the integral method has greatly simplified the equa­

tions for the model by reducing partial differential equations to ordinary differential 

equations, most of the subproblems still require the simultaneous solution of a set 

of coupled nonlinear differential equations. To accomplish this task a numerical 

finite differencing scheme was used. Although the method was only a first order 

scheme in time and axial coordinate, the axial and time increments were easily 

made sufficiently small that the resulting numerical truncation errors were one or­

der of magnitude smaller than the error of the integral method itself. Following the 

description of the numerical method a summary of the computer program is given. 

5.1 Case 3c: End of Melting - Numerical Method 

The general form of the ordinary differential equations developed in Chapter 4 

IS 

P<P + Q<p = V (5.1) 

where <P represents the dependent variable. In subproblem 3c <P is r w, r l, Z or 

ra. The parameters P, Q and V are nonlinear terms which are defined differently 

for each differential equation. For the wall material <P = r UJ and Equation (4:47) 
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defines the nonlinear terms as 

P = (A5 + A2Bi)Tf 

Q = [,B(A5 + A2Bi) + 60Aw(A1Bi + A3)] Tf 

(5.2) 

(5.3) 

(5.4) 

where the A terms, A1-A5 are as defined in Section 4.5. In the governing equation 

for the liquid PCM, Equation (4.50), q, becomes fl and the nonlinear terms are 

(5.5) 

Q = (tZ + Z) {Y6 + 2/2(1 - Sb) [Y5tZ + YI]} 

+ 10Al (Y 4 + 2,2(1 - Sb)Y2tZj (5.6) 

v = /2 {TtYl [,B(Bi + 2)(f w - 1) + (Bi + 2)f w + 2,B] 

+ [(tZ + Z)Y5 + lO).lY2] {[(Bi + 2)(f w - 1) + 2] Tf - 2Sb}} (5.7) 

where the Y terms, Y1-Y6, are as defined in Section 4.5. For Equation (4.64), the 

governing equation for the interface, q, = Z and 

P = t (5.8) 

Q = 1 (5.9) 

V = (Kl~;~~b J 
x {2(1 - Sb)KlAl - 2SbC + Kw~ [(Bi - {Bi + 2}f w)Tf + 2,d} (5.10) 
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And finally for the solid PCM, governed by Equation' (4.65), q, is equal to r" and 

(5.11) 

(5.12). 

v = 0 (5.13) 

Forward differencing Equation (5.1) results in 

where !:l.t = t n+1 - tn. Here nand n + 1 refer to the time step level. Given 

pn+l Qn+l V n+1 !:l.t and q,n the above equation can easily be solved for q,n+l , , , , 

the dependent variable. Because pn+1, Qn+l and vn+l require future knowledge of 

at least one of the other dependent variables (e.g. to solve for r~+l, one needs to 

know ri+1 to find vn+1, but knowledge of r~+l is needed to determine ri+1) the 

set of differential equations are said to be coupled. An iterative method, which is 

discussed in more detail in Section 5.3, is used to solve the coupled equations for a 

given step in time. 

The application of the numerical method to the other subproblems is very 

similar to the above. In addition to the above, case 3c requires some more attention. 

As can be seen in the ordinary differential equations for subproblem 3c knowledge 

of the time that melting ends, t 3c , is required. There is of course no way of knowing 

this a priori. To handle this dilemma t3c is estimated using the following equation. 

t n +1 = tn +1 + . (
1 - tZ )n+l 

3c Z + tZ 
(5.15) 

The derivation of the above equation can be found in (Prusa et al. 1988). This 

equation appears to provide a good estimate of l3c and becomes more accurate as 
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the problem approaches the end of melting. The initial and final conditions for the 

equations are as given in Chapter 4 and are straightforward to finite difference. 

5.2 Heat Transfer Fluid 

The application of the numerical method to the heat transfer fluid equation 

is different than for the subproblems, warranting a separate discussion. While the 

equations for the subproblems are only time dependent, the heat transfer fluid equa­

tion, Equation (3.117), is dependent on both time and axial direction, z. In order 

to handle the dependence on axial position, the tank is divided into a number of 

nodes along its length. Applying forward time differencing and first order backward 

space differencing the fluid equation becomes 

= 3BiKw >'t (1 - t:v) ~ (1:'.+:1 -1) TnT1 
K t IOu 1 + I: w.} t.} 

(5.16) 

where j is the node number and ~z = Zj - Zj_1. Solving for the fluid temperature 

for the n + 1 time level and at the jth node yields 

(5.17) 

where 

U~+1 = u~t 3BiKw >'f (1 - tv) ~ ( _ Tn+;1) A 
} 1 + A + K 1 ~ 1 w} ut 

uZ t t:v + LJ • 
(5.18) 

The initial condition becomes 

TJ.j = 0 for 1:::; j :::; N (5.19) 
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and the boundary condition is 

Tf,l(t) = Ii at t > 0 (5.20) 

Once again the numerical method is simple and can easily be made more accurate 

than the integral method ("'V 5%) simply by making ~t and ~z sufficiently small. 

The fluid equation is coupled to the phase change subproblems (Cases 1-4b) 

through the temperature of the outside wall of the spherical containers, T~Jl. It 

should also be pointed out that the solution of the phase change subproblems de­

pends on the fluid temperature, Tf,j' Because Tf,i is in general different at every 

node j, a set of phase change subproblems must be simultaneously solved for each 

node for a given time. 

5.3 Summary of the Logistics of the Computer Program 

This section covers some of the logic used to construct the computer program. 

A complete listing of the Fortran 77 source code can be found in Appendix D. 

The code consists of a main program, 8 subproblem subroutines and other mis­

cellaneous subroutines. The main program performs the heat transfer fluid calcula­

tions and acts as the controller for the subroutines. A subroutine was constructed 

for each subproblem. The other subroutines include a time step size controller and 

several different interpolating schemes. 

The main program begins by reading in the dimensionless parameters as shown 

in the flow chart (see Figure 5.1). The variable z is set to zero, corresponding to 

the first node. All of the other variables are initialized and the program takes 

a step in time at node 1. The parameter ncase can have a value from one to 
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INPUT DIMENSIONLESS PARAMETERS 
(lZ • l/(N-l) 

INITIALIZE NODAL VARIABLES 
to = 0 

ncase = 1 

BRANCH TO APPROPRIATE CASE 
ncase ,. 1 

NO YES STORE ALL VALUES NEEDED FOR NEXT TIME STEP 

NO 

STORE TIME- FLUID TEMPERATURE HISTORY 
TO USE AS INPUT FOR THE NEXT NODE I 

Figure 5.1: Main program flow chart 
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eight corresponding to the eight subproblems. Based on the value of the parameter 

ncase (initially set to 1) the main program chooses the appropriate subroutine as 

shown in the flow chart. Iterating in the subroutine until converged (discussed in 

more detail later in this section), the values of the dependent variables are updated 

for the step in time and control is returned to the main program. In the main 

program, the heat transfer fluid equation is updated for the step in time. Because 

the subproblems depend on the fluid temperature, T" control is returned to the 

subproblem subroutine and the remaining dependent variables are updated using 

the new value of T, just calculated. The fluid temperature is once again updated 

using the new wall temperature generated by the subroutine. -This iterative process 

continues until the fluid temperature converges. The convergence test is given by 

(5.21) 

where k + 1 and k represent the level of iteration. In general less than five iterations 

are sufficient to reach convergence. Once the fluid temperature has converged the 

program is ready to advance another step in time. The program continues to march 

in time at node 1 until the entire phase change problem is completed. After the first 

node is finished through subproblem 4b an entire heat-transfer-fluid-temperature 

time history is saved. This information will be used as TiJ21 in the fluid equation 

for calculations in the next node (see Equation 5.17). As demonstrated in Figure 5.1 

the program continues to march down the length of the the tank completely solving 

the phase change problem, subproblems 1-4b, at each node. When the last node is 

finished the program stops. 

Each node is determined to be finished with the phase change problem by 

monitoring the amount of thermal energy stored in that node and comparing it to 
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the steady state value. The amount of energy stored in the system at a given time is 

calculated using the equations formulated in Appendix B. Equation (11.62) provides 

the steady state value of the total energy stored. The melting problem is determined 

to be finished for a node, when the total stored energy per node, Equation (11.38) 

divided by the total number of nodes, surpasses 99% of the asymptotic stored energy 

per node, Equation (11.62) divided by the total number of nodes. This criterion is 

a logic test shown in Figure 5.1 as 

ETOT 
EA1AX > .99 (5.22) 

When this criteria is satisfied for the last node the simulation is complete and the 

program stops. 

As mentioned the correct subroutine is chosen by the main program based on 

the value of the parameter ncase. The value of ncase is determined by the status of 

the phase change problem. For example, ncase is initialized to 1, which corresponds 

to subroutine 1 (subproblem 1). As the program advances in time the penetration 

depth, 6w , eventually propagates through the entire wall. When this occurs the value 

of ncase is changed to 2, which corresponds to the next subproblem, 2a (subroutine 

2a). 

The structure of all the subproblem subroutines is very similar. Flow charts 

for each subroutine can be found in Appendix C. Because of the coupled nature 

of the finite difference equations as discussed in Section 5.1, iterating is required 

to determine the value of the dependent variables for a given step in time. Gauss­

Siedel iterations were used in all eight subroutines. In this method new values for 

the dependent variables are calculated based on the most current information. For 

example, Figure 12.6 shows that for subproblem 3c the finite difference equations 
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are ordered r w, r l , Z and r 6 • Thus when a new value of Z, Zk+\ is calculated it 

is based on r~+l, r~+l and r~. The subroutines continue to iterate in this manner 

until converged. Convergence is determined when all dependent variables meet the 

criteria 

(5.23) 

where q. is rw , r l , Z or r6 in case 3c. 

In an effort to speed convergence, under-relaxation is applied to each depen­

dent variable at every iteration. Solving for q.n+l,k+l and using under-relaxation 

Equation (5.14) becomes: 

q,n+1,k+l = w + (1 _ w)q,n+1,k 
[

pn+l,k+1q.n + ~tvn+l'k+ll 
pn+l,k+l + b.tQn+l,k+l (5.24) 

where w is the under-relaxation parameter. Often the iterations in the subroutines 

oscillate about the solution. The under-relaxation acts as a damper in general 

cutting convergence times. 

Due to differences between the subproblems and variations in the fluid tem-

perature down the length of the tank, a common, fixed time step size for the entire 

model is not practical. A subroutine which chooses the time step size based on in­

formation from the previous node was designed. A listing of the subroutine TSTEP 

is included in Appendix D. TSTEP selects the ~t's for each subproblem at each 

node, trying to maintain between 70-100 time steps in each subroutine. (The reason 

for choosing the range 70-100 is discussed in the next section.) 

Because finite time steps are used subproblems always overstep their final con­

ditions by some fraction of a ~t. To correct this, variables are interpolated back to 

the instant that the final condition was met. Because of the diverse nature of the fi-
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Table 5.1: Effects of varying the number of nodes 

N umber of Nodes 

10 
20 
40 
80 

End of Melting Time (EMT) 

71.070 
72.056 
72.498 
72.704 

6.EMT 

0.986 
0.442 
0.206 

nal conditions for the subproblems a linear solver, quadratic interpolater, quadratic 

interpolater with derivatives and a quadratic solver were programed to perform this 

task. Fortran listings of these subroutines can be found in Appendix D. 

5.4 Running the Program 

There are several parameters which must be correctly chosen for the program 

to run properly. The two most critical of these are the number of nodes and the 

number of time steps taken in each subproblem. If not properly chosen either of 

these parameters can introduce errors that affect the solution generated by the 

model or cause a waste of cpu time. 

The computer program was run several times varying only the number of nodes. 

The nondimensional time to finish melting the PCM in the system (EMT) and the 

difference between succeeding EMTs are listed for each run in Table 5.1. The 

table shows that as the number of nodes is doubled the ~EMTs are approximately 

halved. Thus as the number of nodes increases, 6.z decreases and the error in the 

time decreases showing a convergence'" 1 / N . 

Though running simulations with many nodes leads to less truncation error, 

increasing the number of nodes also requires more cpu time. Thus it becomes a 
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Table 5.2: Effects of varying the number of time steps 

Number of Time Steps 

",10 
",20 
",40 
",80 
",160 
",320 

End of Problem Time 

7.320 
6.987 
6.866 
6.806 
6.769 
6.754 

6.'s 

0.333 
0.121 
0.060 
0.037 
0.015 

tradeoff between accuracy and cpu time. It was felt that 30 nodes represented a 

good compromise. With this many nodes the end of melting time (EMT) appears 

to have less than 1 % truncation error, which should not significantly decrease the 

overall accuracy of the simulation. 

Several runs were made to investigate the effect of changing the number of time 

steps taken in each subproblem for a given node. A summary of the runs including 

the approximate number of time steps taken in each subproblem, the dimensionless 

time to complete each run and the difference in succeeding final times is given in 

Table 5.2. The results in Table 5.2 are for one node. These results show that as 

the number of times steps is doubled, halving the 6.ts, the error in the final time 

is approximately halved. Thus as 6.t goes to zero the truncation error in the final 

time converges like lin. 

Here too a tradeoff between accuracy and cpu time is realized. With 80 time 

steps per subroutine the truncation error in the final time is less than 1 %. Based 

on this information a range of 70-100 time steps per subproblem was used in the 

subroutine TSTEP. This range gave sufficient accuracy with a minimum of cpu 

time. 
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Table 5.3: Effects on EMT with changes in n 
n 

0.1 
0.2 
0.3 
004 
0.5 
0.6 
0.7 
0.8 
0.9 

EMT 

5.4818 
5.4818 
504818 
504818 
5.4815 
5.4817 
504817 
5.4819 
5.4820 

As discussed in Section 2.6 subproblem 3b is artificially stopped in order to 

properly handle the singularity that occurs at the end of melting. The final condition 

for case 3b depends on the value of n, the fraction of melted material. Several one 

node simulations were run using different values of n. The results of these runs 

are given in Table 5.3. As was stated in Chapter 2 the overall results of the model 

should be relatively independent of n for this method to be valid. Certainly it is 

clear from Table 5.3 that the choice of n has very little effect on the E1IT. Thus 

the method appears to give a legitimate transition from case 3b to case 3c. 

Finite differencing the equations given in Chapter 4 and assembling them into 

a computer program represent the final steps in the development of the model. 

In an effort to validate the model the following chapter compares simulations to 

experimental data found in the literature. 
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6 VERIFICATION OF THE MODEL 

A mathematical model of a thermal energy storage system utilizing spherically 

encapsulated phase change materials is developed in Chapter 2-5. In this chapter 

the model is compared to experimental data. The scope of this project did not in­

clude experimental work thus the model is compared to experimental and numerical 

results found in the literature. 

Saitoh and Hirose (1984) have published experimental data collected from a 

latent TES device. The data consist of outlet temperature from the TES unit 

verses time for three different conditions. The model developed in Chapters 2-5 is 

compared to these results. 

In their experiment Saitoh and Hirose used disodium phosphate dodecahydrate 

(Na2HP04/12H20) as the phase change material. The PCM was encapsulated in 

spheres made of high density polyethylene. The spheres were approximately 71 

mm in diameter with roughly 2.3 mm thick walls. The capsules were placed in an 

insulated 300 liter tank. Hot or cold water was pumped through the tank to melt 

or freeze the phase change material. The authors neglected to give the value of 

the void fraction but did report the number of spheres used. Because the spheres 

were restricted from packing into the ends of the tank the correct tank volume 

used to calculated the void fraction is unknown. Therefore only an estimate of the 
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void fraction can be made. Based on the entire 300 liters (ignoring the unpacked 

volume on the ends of the tank), the diameter and total number of spheres given, 

the void fraction is calculated to be 0.39. Table 6.1 is a summary of the dimensional 

thermophysical properties and geometric parameters needed to describe the TES 

system. Transforming these into nondimensional form results in the dimensionless 

parameters in Table 6.2. 

As mentioned Saitoh and Hirose give results for three experiments. The three 

represent different combinations of inlet temperature and flow rate for the situation 

of melting as shown in Table 6.1. Saitoh and Hirose also give results for their nu­

merical simulation. The comparison between the Saitoh and Hirose's experimental 

and and numerical results to the simulation developed in this thesis is shown in 

Figures 6.1-6.3. 

The present model compared reasonably well with the experimental data, pre­

dicting the correct shape for the outlet temperature profiles. Saitoh and Hirose's 

model does not include subcooling effects and therefore does a poor job of modeling 

the initial transients. The model developed here appears to under predict the heat 

transfer rate, resulting in finishing times'" 15-20% longer than the experimental. 

Higher heat transfer rates would also delay the initial increase in outlet tempera­

ture. Doubling the heat transfer coefficient affected the outlet temperature verses 

time profile by less than 1 %. Therefore, the heat transfer process must be limited 

within the container. This suggests that the heat transfer within the containers 

is not pure conduction. Other work has shown that natural convection effects in­

side the spherical containers is negligible (see to Yao and Prusa (1989)). Another 

possibility for the enhanced heat transfer within the containers is that the solid 
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Table 6.1: Dimensional data used for model comparison 

h8l 113 Btu/ibm 

Liquid PCM k 0.578 Btu/hr ft of 

cp 0.461 Btu/ibm OF 
p 90.5 Ibm/ ft 3 

Solid PCM k 0.919 Btu/hr ft of 

cp 0.389 Btu/ibm of 
p 94.9 ibm/ ft 3 

Container k 0.200 Btu/hr ft of 

cp 0.550 Btu/ibm OF 
p 59.3 ibm/ ft 3 

HT Fluid k 0.338 Btu/hr ft of 

cp 1.00 Btu/ibm of 
p 62.4 ibm/ ft 3 

Tank/Container Dimensions L 4.25 ft 
c 0.00755 ft 
S 0.109 ft 
P 1.58 ft 
W 1.58 ft 

Void Fraction €v 0.39 

Phase Change Temperature To 96.5 of 

Initial Temperature Tc 60.5 of 

Run A: Inlet Temperature Ti,o 142 of 

Run B: Inlet Temperature Tio , 124 of 

Run C: Inlet Temperature Tio , 131 of 

Run A: Flow Rate 0.50 gpm 
Run B: Flow Rate 1.53 gpm 
Run C: Flow Rate 2.90 gpm 
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Table 6.2: Nondimensional input data for model 

Kw 0.218 
Kl 0.629 
K, 0.368 
.xw 0.247 
.xl 0.557 
.x, 0.217 
E 14.4 
Sb 0.444 
Ste 0.175 
Void Fraction 0.390 

Run A 1.00 

T"o Run B 1.00 
Run C 1.00 

Run A 0.463 
u Run B 1.42 

Run C 2.69 

Run A 0.674 
Bi Run B 1.10 

Run C 1.47 
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peM sinks during melting. This could significantly increase the heat transfer rate 

and is an effect which is not modeled in the present study. Some of the difference 

between the present model and the experimental may be due to error in the flow 

rate measurement. Figure 7.7 shows that the outlet temperature is very sensitive 

to the velocity (or flow rate) at lower flow rates. Thus any error in the measure­

ment of flow rate would be most obvious at low flow rates. This is consitant with 

what is observed in Figures 6.1-6.3. The lowest flow rate is run A (see Table 6.1) 

ploted in Figure 6.1. This figure shows the poorest agreement between the model 

and experimental data. On the other hand, the data in Figures 6.2 and 6.3 are for 

higher flow rates and correspondingly show better agreement·. 

The model developed in Chapters 2-5 contains two methods for calculating 

the amount of thermal energy stored in the TES unit (see Appendix B). One of 

the methods uses the difference in enthalpy flow rate between the inlet and outlet 

of the TES tank as a measure of the energy stored. The other spatially integrates 

the temperature profiles within the containers of PCM. Idealy each would yield the 

same value for the amount of energy stored. The two methods are compared in 

Figure 6.4 for the conditions given in Table 6.2 run A. The differences (maximum: 

'" 7%) which exist are due to the error introduced by the integral method. 

Because there was some uncertainty in the void fraction, several addition sim­

ulations were run using different values for f1}' In these runs the void fraction was 

changed ± 5% of the original value. This affected the outlet temperature verses 

time profile by less than 1%. Thus it can be concluded that error in the value of 

the void fraction is not responsible for the differences displayed in Figures 6.1-6.3. 

Despite the discrepancies it was felt that the present model was sufficientiy 
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accurate to be useful in a parametric study. Chapter 7 focuses on that aspect of 

the project. 
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7 RESULTS AND DISCUSSION 

In this chapter the model developed in Chapters 2-5 is used to study the influ­

ence of some of the dimensionless numbers on the performance of the TES unit. To 

do a complete parametric study on all 12 dimensionless numbers used in the model 

is highly impractical. In fact if only three samples of each dimensionless parameter 

were considered a complete parametric study of the 12 variables could take approx­

imately 40 years (312 runs at 10 min/run on a VAX, for 8 hr/day, 5 days/week and 

52 weeks/year) to finish. Thus the number of dimensionless parameters considered 

needs to be reduced. This reduction is the topic of the following section. 

7.1 Description of the System Studied 

The 12 dimensionless numbers used in the model can be separated into three 

groups. 

• Thermophysical parameters 

Kw = kw/ k, 

Kl = kdks 

K, = kJlk, 
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• Operational parameters 

Ste = PlCp,l(Ti,o - To) 
Pllhlll 

u = (a!lL)IS2 

• Geometrical parameters 

~ = SIc: 

€tJ = the void fraction 

To reduce the number of dimensionless parameters to be parametrically stud-

ied a particular type of TES unit was chosen. The one considered uses water-ice as 

the phase change material, a 50% ethylene glycol-water solution as the heat trans­

fer fluid and high density polyethylene as the container material. The dimensional 

thermophysical properties for these materials are found in Table 7.1. Nondimension­

alizing results in the six dimensionless thermophysical parameters found in Table 

7.2. By choosing a particular type of system to study the number of dimensionless 

parameters is reduced to 6. 
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Table 7.1: Properties of ethylene glycol-water/ polyethylene/ water-ice systems 

h.l 144.0 Btu/Ibm 

Liquid PCM k 0.335 Btu/hrft of 

cp 1.0008 Btu/Ibm of 

p 62.43 ibm/ ft 3 

Solid PCM k 1.306 Btu/hr ft of 

cp 0.5016 Btu/Ibm of 

p 57.31 ibm/ ft 3 

Container k 0.200 Btu/hr ft of 

cp 0.55 Btu/Ibm of 

p 59.3 Ibm/ ft 3 

Heat Transfer Fluid k 0.2889 Btu/hrft OF 
cp 0.9554 Btu/Ibm OF 
p 0.1639 Ibm/ ft 3 

Void Fraction €v 0.37 

Phase Change Temperature To 32.0 OF 

Table 7.2: Dimensionless thermophysical parameters for ethylene glycol-water/ 
polyethylene/ water-ice systems 

0.153 
0.257 
0.221 
0.135 
0.118 
0.103 
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Following the arguments presented in Chapter 3, it is assumed that S is small 

compared to the size of the tank, consequently the void fraction takes on its asymp­

totic value of tOtJ = 0.37. Thus only 5 dimensionless parameters remain. 

In order to parametrically study the dimensionless parameters that remain, ap­

propriate ranges for each must be determined. Establishing these ranges is covered 

in the next section. 

7.2 Range of Values for Dimensionless Numbers 

Once again in order to keep the scope of this project manageable a range of 

study for each of the five dimensionless parameters is determined below. In each 

case the ranges were set based on the realistic limits of that parameter in an actual 

system. 

7.2.1 Range of Sb Values 

With water-ice as the PCM the phase change temperture, To, is fixed at 32°F. 

This leaves the initial sub cooled temperature, Te , and the step increase inlet tem­

perature, Ti,o, left to determine the value of Sb. The lowest practical value of Tc 

depends on the chiller unit and the heat transfer fluid. For this study a range for Tc 

is set to 25-30°F. The temperature of the return water from the building depends 

on a number of factors but a typical range is 45-55°F. Using these limits for Te and 

Ti,o a range for the subcooling number is established 

0.1 :S Sb :S 0.4 (7.1) 
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7.2.2 Range of Ste Values 

The temperature Ti,o is the only parameter in the definition of the Stefan 

number that is not given in Table 7.1. The range of 45-55°P for Ti,o was set in 

the previous subsection. Therefore with water-ice serving as the PCM the following 

range for Ste is determined 

0.06 :S Ste :S 0.18 (7.2) 

7.2.3 Range of u Values 

In the definition of the dimensionless velocity, ii, Land S are free parameters. 

The limits of ii and L, which depend on the actual dimensions of the tank considered, 

are not easily determined. Therefore the range for u was established by assigning 

reasonable ranges for each of the dimensional parameters; ii, Land S. These ranges 

were then used to clculate the maximum and minimum dimensionless velocities 

possible. The dimensional ranges used are 

\Vith these a maximum u 

1 It/min :S ii :S 4 It/min 

1/2 in :S S :S 2 in 

30 It :S L :S 100 It 

4.89 and a minimum u = .0229 were found. The 

minimum u seemed to give unrealistically low response times thus it was felt that 

the range 

0.1 :S u :S 5.0 (7.3) 

was adequate. The range for dimensional velocity and S lead to Peclet numbers 

(Pe = RePr) between ""100-2000. Thus axial condition in the RTF is negligible. 
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7.2.4 Range of ~ Values 

The parameter ~ represents a ratio of the radius of the PCM to the thickness 

of the container wall. It was felt that values of ~ smaller than 8 would not be 

practical. For smaller ratios the container material becomes a substantial portion 

of the total volume of the PCM container. This results in less thermal storage per 

unit volume, an undesirable effect. It was also felt that for ratios of ~ higher than 16 

the polyethylene might be insufficiently thick to accommodate any structural loads 

encountered when packed into the TES tank. Therefore the range for b considered 

IS 

(7.4) 

7.2.5 Range of Bi Values 

The value of the thermal conductivity of high density polyethylene is given in 

Table 7.1. To establish the range of Biot numbers, the limits of the heat transfer 

coefficient h and the wall thickness c; must be determined. In this study the value 

of € is assumed to be approximately constant with a value of 0.005 ft. The value 

of the heat transfer coefficient depends on the fluid velocity, which depends on the 

mass flow rate and the actual cross sectional area of the tank. Using the ranges for 

u and S given in Section 7.2.3, Nusselt numbers calculated from Equation (3.122) 

can be used to approximate a range for the heat transfer coefficient 

10 Btu/hrfe OF < h::; 150 Btu/hrft2 OF (7.5) 
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Table 7.3: Base case for single parameter study 

Sb 
Bi 
E 
u 
Ste 

0.2 
0.8 
12 
0.5 
0.1 

This range of h yielded a minimum Bi = 0.25 and a maximum Bi = 3.75. Based 

on these results a convienent range for the Biot number 

0.2 ::; Bi ::; 3.2 (7.6) 

was established. 

7.3 Single Parameter Study 

To develop an understanding of the influence of each of the five non dimensional 

parameters on the transient response of the system, a single parameter study \vas 

performed. In this study four of the five dimensionless parameters are held fixed 

at their base values while several runs are made, varying the value of the fifth 

parameter. 

The base case values for the thermophysical parameters are given in Table 7.2. 

Middle range values were chosen as the base case for the remaining five nondimen­

sional parameters as shown in Table 7.3. 

The results are presented using two types of graphs. One set shows nondimen-

sional system outlet temperature plotted as a function of dimensionless time. These 

graphs are useful for identifying trends in response time and parameter effects on 
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temperature-time profiles. The temporal characteristics of the outlet temperture 

are an important design consideration. The other type of plot displays dimen­

sionless system outlet temperature as a function of the percent of storage capacity 

discharged in the system. This second group of plots allow the designer to gain 

insight into transient response of the system as it relates to the cooling load. 

The plots showing the variation of each of the five dimensionless parameters 

can be found on the following pages. These graphs are valid for the situation of 

melting and assume a step change in the inlet temperature to begin each simulation. 

When viewing these plots, it must be remembered that the four invariant parameters 

take on the base values given in Table 7.3. It should also be noted that these are 

non dimensional plots. Thus 'Outlet Temperature' and 'Time' refer to dimensionless 

outlet temperature as defined by Equation (3.23) and dimensionless time as defined 

by Equation (3.1). 

Table 7.4 summarizes some general conclusions which can be made from Fig­

ures 7.1, 7.3, 7.5, 7.7 and 7.9. The most important of these conclusions is the fact 

that the sub cooling number has virtually no effect on the systems discharge time. 

The subcooling number in general has little effect when the Ste number is less 

than'" 0.3 as shown by Yao and Prusa (1989). At first Figures 7.1 and 7.2 may 

suggest wide variations in the outlet temperature profiles with changes in Sb. But 

an inspection of the way in which temperature is nondimensionalized reveals that 

changes in Sb redefine where on the dimensionless temperature scale the melting 

temperature occurs. For example Sb = 0 would scale the melting temperature to 

occur at a dimensionless temperature of zero. The result of this is that the tem­

perature profiles in Figures 7.1 and 7.2 are very similar and would nearly collapse 
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Table 7.4: General conclusions drawn from the single parameter study 

Parameter 

Sb 
decreasing Bi 
decreasing E 
decreasing u 
decreasing Ste 

Time to Discharge the TES system 

no change 
Increases 
Increases 
Increases 
Increases 

to one curve if graphed in terms of dimensional values, being slightly different at 

early times. This conculsion is of major significance. Having little effect on the 

TES unit's global response the sub cooling number can be eliminated from the full 

parameter study performed in the next section. 

Other conclusions can also be made from Figures 7.1-7.10. Note that within 

their respective ranges u and Ste have the largest effects on the time required to 

finish discharging followed by Bi and finally E, which has the least effect, excepting 

Sb. It is also interesting to note how variations in the Ste number have little 

affect on the outlet temperature verses percent discharge profiles, while having a 

significant influence on the discharge time (see Figures 7.9 and 7.10). 

7.4 Full Parameter Study 

Although the single parameter study proved to be very useful, the results are 

limited to the base case. Therefore to obtain a certain degree of generality a broader 

study of the remaining four dimensionless parameters needs to be performed. 

Before starting the full parametric study several simulations were run and plot-

ted in search of a more compact way of displaying the results than that found in 
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Figures 7.1-7.10. A better method was found and Figures 7.11 and 7.12 are used 

to demonstrate the simplifications. 

In Figure 7.11 dimensionless outlet temperature is plotted as a function of 

normalized time. Here normalized time is defined as the dimensionless time divided 

by the time that melting in the TES unit was completed. Each combination of 

dimensionless parameters has its own EMT (end of melting time), which is used to 

normalize dimensionless time for that case. EMT values are presented in graphical 

form later in this section. 

Normalizing time using the EMT values tended to collapse the transient re­

sponse curves. Figure 7.11 shows outlet temperature verses normalized time for all 

the possible combinations of three Ste numbers and three ~ values, while holding u 

and Bi constant. The amount of collapsing that has occurred is best understood by 

comparing Figure 7.11 with Figure 7.9. The results ofthe same group of simulations 

graphed as outlet temperature verses percent discharged is depicted in Figure 7.12. 

Observing Figures 7.11 and 7.12 it becomes apparent that the curves display 

a band quality. Fortunately this banding nature is not unique to the particular 

combination of velocity and Biot number held constant for these graphs and can be 

used to simplify the entire study. 

Displaying the results as bands rather than individual curves reduces the num­

ber of combinations of dimensionless parameters that need to be considered. To 

generate a particular band only the curves which make up the boundaries of the 

band need to be created (compare Figure 7.11 with 7.15). Assuming that simula­

tions with Ste = 0.18, ~ = 16 and Ste = 0.06, ~ = 8 always represent the extremes 

as in Figure 7.11 and 7.12, only these two runs need to be executed to generate 
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Table 7.5: Matrix of values used in the full parameter study 

Values 

Bi 0.2 0.4 0.8 1.6 3.2 
E 8.0 16.0 
u 0.125 0.25 0.5 1.0 3.0 5.0 
Ste 0.06 0.18 

bands as in Figure 7.13-7.22. This represents a substantial savings in effort. 

As a result of these savings in computer runs the number of values of velocity 

and Biot number considered in the study were able to be increased. The matrix 

of values considered in the parametric study is given in Table 7.5. Noting that the 

E = 16, Ste = 0.06 combination need not be considered, this matrix results in 60 

simulations. 

While plotting the curves it was realized that for a constant Bi all the bands 

representing the six velocities (Table 7.5) could be put on the same graph. This 

greatly reduced the number of graphs needed to present the results of the study. 

Figures 7.13-7.22 are the graphs generated by the parametric study of the ma-

trix in Table 7.5. There are two plots for each Biot number; one outlet temperature 

verses normalized time, Figures 7.13-7.17, and the other outlet temperature verses 

percent discharged, Figures 7.18-7.22. In order for Figures 7.13-7.17 to be of any 

practical use the end of melting time must also be provided. 

The EMT of a number of cases is displayed graphically in Figures 7.23-7.25. 

An additional 72 simulations were needed to generate these graphs. Each plot 

represents a constant value of the Biot number and shows EMT as a function 
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of dimensionless velocity. Three sets of curves, representing three different Ste 

numbers, are graphed on each plot. For each Ste number considered the extreme 

values of b (8 and 16) are plotted. Thus each of the three EMT graphs has a total 

of six curves displayed. Because only six values of velocity were considered for each 

curve in Figure 7.23-7.25 a rational spline interpolating method, supplied with the 

plotting package, was used to generate a fairly smooth curve passing through all six 

data points. This made interpolation between points much easier. As a final note 

before moving on to the next section it should be stressed that the results presented 

in this section are only valid for the type of system described in Section 7.1 and for 

the ranges of dimensionless parameters considered. 

7.5 Applications 

Two possible approaches are outlined in this section in order to show how the 

graphs in the preceding section might be used. In the first approach it is assumed 

that a designer already has a particular TES unit in mind and would like to know 

more about its transient behavior in order to help choose the other components in 

the cooling system. To accomplish this she or he would begin by calculating the 

dimensionless numbers which characterize the unit. When finished nondimensional­

izing the designer should have a table which resembles Table 7.3 (except that Sb need 

not be calculated). The next step involves taking these dimensionless' parameters 

and finding the corresponding transient bands in Figures 7.13-7.22. It is likely that 

interpolation between the graphs as well as between two bands will be necessary 

to determine the correct transient bands. If more detail of the bands is desi~ed, 

one could study Figures 7.11 and 7.12 to develop an approximate understanding 
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of where within the bands the transient response for a particular combination of 

~ and Ste might be. (A better solution may be to run the program for the de­

sired situation). The set of dimensionless numbers would then be used to estimate 

the end of melting time for the unit from Figures 7.23-7.25. An example of the 

use of Figures 7.23-7.25 is provided later in this section. The outlet temperature 

verses normalized time curve could then be multiplied by the EMT yielding plain 

dimensionless curves. The final step would involve taking the dimensionless curves 

and converting them into dimensional form. This is accomplished by using Equa­

tion (3.1) for time and Equation (3.23) for outlet temperature and assuming a value 

for the subcooling number of Sb = 0.2. 

The second possible way of using the resUlts of this study assumes that the 

designer desires a particular transient response from the TES unit. The designer 

would choose a set of bands, one from each type of plot, from Figures 7.13-7.22. 

Similar to the previous example the transient response curves would be transformed 

into dimensional parameters making use of Figures 7.23-7.25. The designer would 

then inspect the curves, checking to see if they meet the requirements. If not, 

another set of dimensionless bands would be chosen from Figures 7.13-7.22 and the 

process repeated. It may take several iterations of this kind before the designer 

is satisfied. The above only represent two examples of the many possible ways in 

which the the information presented in this study could be used. 

An example of the use of Figures 7.23-7.25 is provided here. The example 

calculation not only demonstrates the methodology but is also used to check how 

accurately the EMT can be determined using the figures. A set of the four dimen­

sionless parameters needed to determine EMT was chosen arbitrarily and is given in 
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Table 7.6: Dimensionless set used for example ENIT calculation 

Bi 
L 
u 
Ste 

0.95 
13 
2.0 
0.09 

Table 7.6. To estimate the EMT for a given set of dimensionless numbers requires 

the use of quadratic interpolation to determine a point on each of the three plots, 

Figures 7.23-7.25. These three points represent the correct E:'-IT for the given E, u 

and Ste. Using the three points a second quadratic interpolation is then performed 

which spands between the three constant Bi figures, Figures 7.23-25. This gives 

the EMT for the desired Biot number. 

The first step in the method is to turn to Figure 7.23 and locate the velocity 

of interest, u = 2.0 in this example. To facilitate this demonstration Figure 7.23 is 

repeated in Figure 7.26. Three points are located at this velocity corresponding to 

E = 13 for each of the three sets of Ste number curves, see Figure 7.26. The three 

points determined are: 

A = (Bi = 0.2, u = 2.0, E = 13, Ste = 0.06, EMT = 99) 

B = (Bi = 0.2, u = 2.0, E = 13, Ste = 0.12, EMT = 52) 

C = (Bi = 0.2, u = 2.0, E = 13, Ste = 0.16, EMT = 36) 

The next step involves fitting a quadratic curve through the three points. 

EMT = 3832.5(Ste)2 - 14i3.18(Ste) + 173.59 (7.7) 

The Ste number from Table 7.6 is substituted into the above equation and yields 
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the point 

D = (Bi = 0.2, u = 2.0, E = 13, Ste = 0.09, EMT = 72.05) 

The above process is repeated for Figures 7.24 and 7.25 determing points: 

E = (Bi = 0.8, u = 2.0, E = 13, Ste = 0.09, EMT = 53.18) 

F = (Bi = 3.2, u = 2.0, E = 13, Ste = 0.09, EMT = 48.67) 

These three points are then used to generate a quadratic curve which passes 

between the three figures in order to interpolate to find the EMT for the correct Bi 

number, 0.95 in this example. The quadratic curve is 

EMT = 9.8604(Bi)2 - 41.3188(Bi) + 79.9193 (7.8) 

With Bi = 0.95 in the above equation the estimate of the EMT for the dimensionless 

parameters in Table 7.6 becomes EMT = 49.57. 

The model was run using the enteries in Table 7.2 and Table 7.6. The simulation 

gave an EMT = 49.24. The value predicted for EMT from the Figures 7.23-7.25 

agrees very well with that given by the model being less than 1 % in error. 

Results of a single parameter study as well a four variable paremetric study 

have been given in this chapter. Two ways in which the results could be used are 

also given. An example of estimating the EMT was worked through. The next 

chapter contains some concluding remarks regarding this project. 
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8 CONCLUSION 

The formulation of a detailed model which is based on the physics of the prob­

lem is presented. The model is compared with experimental data found in the 

literature and is then used in a parametric study. 

Due to the large number of dimensionless parameters which are needed to 

characterize a thermal energy storage unit, the scope of the study was narrowed. 

A particular type of TES unit was focused on. The type studied uses ice-water 

as the phase change material, high density polyethylene as the container material 

and a 50% ethylene glycol-water solution for the heat transfer fluid. A relatively 

extensive parametric study was performed in which four key parameters were varied. 

The results of the study are presented in graphical form. Two possible ways in which 

a designer might use the results are outlined. 

The literature survey has shown the need for further research in this area. 

Only three articles dealing with thermal energy storage in packed beds of spherically 

encapsulated phase material were found. And in all three the merits of using packed 

beds of spheres for thermal storage were clearly proclaimed. Thus there appears to 

be possibilities which need to explored. Based on the work done for this study it is 

apparent that additional experimental data are needed to further verify the model 

developed in this thesis as well as those developed by other authors. 
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It was also discovered that given the limited nature of this study and the diffi­

culties encountered in using the results presented here (e.g. double and sometimes 

triple interpolation could be needed to read the graphs), the designer of systems 

like these might benifit greatly by having a computer model at hand to test specific 

designs. 
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10 APPENDIX A FREEZING FORMULATION SUMMARY 

10.1 General Description 

The formulation of the freezing problem is very similar to the melting problem. 

But now the phase change material is initially liquid and the entire system is at a 

uniform, superheated temperature, Th , above the freezing temperature. In light of 

this difference the solid PCM and the liquid PCM switch roles in the formulation 

of the model. The RTF temperature is still T,(z, l). 

10.2 Dimensional Formulation 

10.2.1 Case 1: Cooling of the Wall 

Governing Equation - Equation (2.1) 

Initial Condition 

for S::;r::;(S+e) (10.1) 
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Boundary Conditions 

(i) at i' = (S + e) 

(iia) at i' = S (10.2) 

or 

(iib) at i' = S 

By introducing the approximation of a penetration depth, 8w , boundary conditions 

iia and iib are replaced with 

(iia) 

and 

(iib) 8Tw =0 
aT 

Final Condition - Equation (2.5) 

at i' = (S + e) - 8w 

at i' = (S + e) - 8w 

10.2.2 Case 2a: Cooling of the Wall and Liquid PCM 

wall 

Governing Equation - Equation (2.1) 

Initial Condition - Equation (2.6) 

Boundary Conditions - Equation (10.2) 

liquid PCM 

(10.3) 

Governing Equation - given by Equation (2.8) but need to replace subscript 8 

with subscript l, (8 =?l). 

Initial Condition 

for S~i'~(S+e) (lOA) 
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Boundary Conditions - Equation (2.11) (6 :::}l) 

Final Condition - Equation (2.12) (6 =}d 

10.2.3 Case 2b: Continued Cooling of the Wall and Liquid PCM 

wall - same as case 2a above with a different initial condition 

Initial Condition - Equation (2.13) 

liquid PCM 

Governing Equation - Equation (2.8) (6 =}t) 

Initial Condition - Equation (2.14) (6 =}l) 

Boundary Conditions - Equation (2.15) (6 :::}l) 

Final Condition - Equation (2.16) (6 =}l) 

10.2.4 Case 3a: Beginning of Freezing 

wall - same as subproblem 2a Section 10.2.2 with 

Initial Condition - Equation (2.17) 

solid PCM 

Governing Equation - Equation (2.19) (l =}6) 

Initial Condition - Equation (2.20) 

Boundary Conditions - Equation (2.21) (l :::}6) 

Where R now stands for the thickness of the solid PCM. 

interface 

Governing Equation - Equation (2.22) 

Initial Condition - Equation (2.23) 
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liquid PCM 

Governing Equation - Equation (2.8) (6 =?l) 

Initial Condition - Equation (2.24) (6 =?l) 

Boundary Conditions - Equation (2.26) (6 =?l) 

Final Condition - Equation (2.27) (6 =?l) 

10.2.5 Case 3b: Intermediate Freezing 

wall - same as subproblem 2a Section 10.2.2 with 

Initial Condition - Equation (2.28) 

solid PCM - same as subproblem 3a Section 10.2.4 with 

Initial Condition - Equation (2.29) (l =?6) 

interface - same as subproblem 3a Section 10.2.4 with 

Initial Condition - Equation (2.30) 

liquid PCM - same as subproblem 3a Section 10.2.4 with 

Initial Condition - Equation (2.31) (8 =?l) 

Final Condition - Equation (2.32) 

10.2.6 Case 3c: End of Freezing 

wall - same as subproblem 2a Section 10.2.2 with 

Initial Condition - Equation (2.33) 

solid PCM - same as subproblem 3a Section 10.2.4 with 

Initial Condition - Equation (2.34) (l =?6) 

interface - same as subproblem 3a Section 10.2.4 with 
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Initial Condition - Equation (2.35) 

liquid PCM - same as subproblem 3a Section 10.2.4 with 

Initial Condition - Equation (2.36) ( .. ::::}l) 

Final Condition - Equation (2.37) 

10.2.7 Case 4a: Sensible Cooling of the Wall and Solid PCM 

wall- same as subproblem 2a Section 10.2.2 with 

Initial Condition - Equation (2.38) 

solid PCM 

Governing Equation - Equation (2.19) (l ::::} .. ) 

Initial Condition - Equation (2.39) (l ::::} .. ) 

Boundary Conditions - Equation (2.41) (l ::::} .. ) 

Final Condition - Equation (2.42) 

10.2.8 Case 4b: Continued Cooling of the Wall and Solid PCM 

wall- same as subproblem 2a Section 10.2.2 with 

Initial Condition - Equation (2.43) 

solid PCM - same as subproblem 4a Section 10.2.7 with 

Initial Condition - Equation (2.44) (l ::::} .. ) 

Final Condition - Thermal Equilibrium 

10.2.9 Heat Transfer Fluid 

Governing Equation - Equation (2.51) 
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Initial Condition - Equation (2.52) 

Final Condition - Thermal Equilibrium 

10.3 N ondimensionalization 

10.3.1 Case 1: Cooling of the Wall 

For the freezing formulation time is scaled using al rather than a ... 

Dimensionless Time - Equation (3.1) ( .. =?l) 

Dimensionless Fluid Temperature for the entire formulation 

also 

Dimensionless Position - Equation (3.2) 

Dimensionless Penetration - Equation (3.4) 

Dimensionless "Vall Temperature 

Governing Equation - Equation (3.25) 

Initial Condition - Equation (3.26) 

Boundary Conditions - Equation (3.27) 

Final Condition - Equation (3.28) 

where 

E=S 
e 

Bi = he 
kw 

(10.5) 

(10.6) 
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but now 

10.3.2 Case 2a: Cooling of the Wall and Liquid PCM 

wall 

Dimensionless Time - Equation (3.30) (" :::::}l) 

Dimensionless Position - Equation (3.31) 

Dimensionless Wall Temperature 

Governing Equation - Equation (3.34) 

Initial Condition - Equation (3.36) 

Boundary Conditions - Equation (3.35) (" :::::}l) 

Where Kw is now defined as 

liquid PCM 

Dimensionless Position - Equation (3.37) (" :::::}t) 

Dimensionless Penetration - Equation (3.39) (" :::::}l) 

Dimensionless Liquid Temperature 

Governing Equation - Equation (3.40) (" :::::}l) 

Initial Condition - Equation (3.42) (" :::::}t) 

(10.7) 

(10.8) 
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Boundary Conditions - Equation (3.41) (" =?l) 

Final Condition - Equation (3.43) (., =?l) 

10.3.3 Case 2b: Continued Cooling of the Liquid PCM and Wall 

Dimensionless Time - Equation (3.45) (. =?l) 

wall 

Dimensionless Parameters - same as subproblem 2a Section 10.3.2 

Governing Equation - Equation (3.34) 

Initial Condition - Equation (3.47) 

Boundary Conditions - Equation (3.46) (" =?l) 

liquid PCM 

Dimensionless Position - Equation (3.48) (. =?l) 

Dimensionless Liquid Temperature 

Governing Equation - Equation (3.50) (. =?l) 

Initial Condition - Equation (3.51) (. =?l) 

Boundary Conditions - Equation (3.52) (. =?l) 

Final Condition 

Tl = Su 
T, 

(10.9) 

(10.10) 

Which is like Equation (3.53) but solid and liquid have been interchanged and Sb 

has been replaced by Suo Su stands for the superheat number as defined below. 

Su = Th - To 
T.h - T: l,O 

(10.11) 
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The superheat number is a measure of how far above the freezing temperature the 

liquid PCM is initially warmed. 

10.3.4 Case 3a: Beginning of Freezing 

wall 

Dimensionless Time - Equation (3.54) {6 =?t} 

Dimensionless Solid Thickness - Equation (3.56) 

Dimensionless Parameters - same as subproblem 2a Section 10.3.2 

Governing Equation - Equation (3.34) 

Initial Condition - Equation (3.61) 

Boundary Conditions - Equation (3.62) (l =?6) 

Where K6 is defined as 

solid PCM 

Dimensionless Position - Equation (3.55) (l =?6) 

Dimensionless Solid Temperature - Equation (3.57) (l =? 6) 

Governing Equation - Equation (3.63) (l =?6) 

Initial Condition - Equation (4.51) (l =>6) 

Boundary Conditions - Equation (3.64) (l =?6) 

'Where A6 is defined as 

remembering that (Sb => Su) 

interface 
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Governing Equation - Equation (3.69) (, =?l) (l =?,) 

Initial Condition - Equation (3.70) 

Where Ste is defined as 

where Ti,o < To for freezing (as in the melting problem, Ti,o is the asymptotic inlet 

temperature of the RTF). 

liquid PCM 

Dimensionless Position - Equation (3.58) ( .. =?l) 

Dimensionless Liquid Temperature 

Dimensionless Penetration 

Governing Equation - Equation (3.71) ( .. =?l) 

Initial Condition - Equation (3.72) ( .. =?l) 

Boundary Conditions - Equation (3.73) ( .. :::}l) 

Final Condition - Equation (3.74) ( .. =?l) 

10.3.5 Case 3b: Intermediate Freezing 

Dimensionless Time - Equation (3.75) ( .. =?l) 

Solid Thickness - Equation (3.56) 

. wall - same as subproblem 3a Section 10.3.4 with 

Initial Condition - Equation (3.80) 

(10.12) 

(10.13) 
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solid PCM - same as subproblem 3a Section 10.3.4 with 

Initial Condition - Equation (3.81) (l ::::},,) 

interface 

Governing Equation - Equation (3.82) (" ::::}l) (l ::::},,) (Sb::::} Su) 

Initial Condition - Equation (3.83) 

liquid PCM 

Dimensionless Position - Equation (3.77) (" ::::}l) 

Dimensionless Liquid Temperature - same as subproblem 3a previous section 

Liquid Thickness 

se = S- R 

Where e is the nondimensional amount of liquid PCM remaining. 

Governing Equation - Equation (3.84) (" ::::}l) 

Initial Condition - Equation (3.85) (" ::::}l) 

Boundary Conditions - Equation (3.86) (. ::::}l) 

Final Condition - Equation (3.87) (. ::::}l) 

10.3.6 Case 3c: End of Freezing 

Dimensionless Time - Equation (3.75) (" ::::}l) 

Liquid Thickness 

S - R = S X (t3 - t) 

wall- same as subproblem 3a Section 10.3.4 with 

Initial Condition - Equation (3.94) 

solid PCM - same as subproblem 3a Section 10.3.4 with 

(10.14) 

(10.15) 
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Initial Condition - Equation (3.95) (l '*s) 

interface 

Governing Equation - Equation (3.96) (. '*l) (l '*.) (Sb '* Su) 

Initial Condition - Equation (3.97) 

liquid PCM 

Dimensionless Position - Equation (3.98) (. '*l) 

Dimensionless Liquid Temperature 

Dimensionless Liquid Volume 

1 - tZ = X(t3 - t) = C 

Where C is the nondimensional amount of liquid PCM remaining. 

Governing Equation - Equation (3.98) (. '*l) 

Initial Condition - Equation (3.99) (. '*l) 

Boundary Conditions - Equation (3.100) (. '*l) 

Final Condition - Equation (3.101) (. '*l) 

10.3.7 Case 4a: Sensible Cooling of the Wall and Solid PCM 

Dimensionless Time - Equation (3.102) (. '*l) 

wall - same as subproblem 3a Section 10.3.4 with 

Initial Condition - Equation (3.106) 

solid PCM 

Dimensionless Position - Equation (3.103) (l '*.) 

(10.16) 

(10.17) 
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Dimensionless Solid Temperature 

Governing Equation - Equation (3.108) (l :::}.) 

Initial Condition - Equation (3.109) (l :::},,) 

Boundary Conditions - Equation (3.110) (l :::}.) 

Final Condition - Equation (3.111) 

10.3.8 Case 4b: Continued Cooling of the Wall and Solid PCM 

Dimensionless Time - Equation (3.102) (. :::}l) 

wall - same as subproblem 4a Section 10.3.7 with 

Initial Condition - Equation (3.112) 

solid PCM - same as subproblem 4a Section 10.3.7 with 

Initial Condition - Equation (3.113) (l :::}.) 

Final Condition - Given in Section 2.9 

10.3.9 Heat Transfer Fluid 

Dimensionless Time - Equation (3.1) (. :::}l) 

Dimensionless Position 

z 
z =-

L 

Dimensionless Fluid Temperature 

Governing Equation - Equation (3.117) 

(10.18) 

(10.19) 
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S2U 
u= -­

alL 

>.,= a, 
al 

Initial Condition - Equation (3.118) 

Final Condition - Thermal Equilibrium 

10.4 Summary 

The freezing problem is symmetric with the melting problem. It was shown 

in the previous sections that after nondimensionalization the governing equations, 

initial conditions and boundary conditions are nearly the same as in the case of 

melting. The only differences being the following. 

r_ (T - T· ) • Ste = --p,. 0 1,0 

h.l 

Superheat Number 
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With the boundary conditions being symmetric to those in the melting problem 

the temperature profiles will also be symmetric, under the above redefinitions. The 

dimensionless governing equations and temperature profiles being symmetric leads 

to symmetry in the ordinary differential equations and finite difference equations as 

well. Two important results arise from the symmetric nature of melting and freezing 

problems. The first is that if the nondimensional numbers as outlined above yield 

dimensionless values close to their melting counterparts, the figures in Chapter 7 

can be used for either melting or freezing. The only modification that needs to be 

incorporated for freezing is that in the Figures 7.13-7.22 outlet temperature should 

be interpeted as 1 - Tj • 

The other ramification of the symmetry is that the same program can be used 

for either melting or freezing. Most of this chapter has been dedicated to showing 

that all the same equations apply to both melting and freezing and that only the 

definition of some of the dimensionless parameters changes. This redefinition of 

parameters is performed before the program is run. Thus the same program can be 

used whether it is a melting or freezing problem. 
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11 APPENDIX B STORED ENERGY 

The amount of energy stored in the TES unit is calculated by two methods. 

One method determines the sensible heat storage by integration of the temperature 

distribution. The latent energy stored is given by the volume of the melt. This 

method can be performed at any instant in time. The second method incorporates 

an energy balance on the entire TES unit. The difference in enthalpy flow rate 

between the inlet and exit of the tank indicates the rate of energy storage in the 

unit. This rate must be integrated over time to determine the total amount of 

energy stored. Theoretically the two methods should yield identical results and 

thus provide a convenient check of the model. A comparison of the methods is 

given in Chapter 6. 

11.1 Dimensional Formulation 

The stored energy as determined by integration of the temperature profiles is 

separated into six parts, E1 ... E 6 • Each of the six terms represent energy stored in 

a particular part of the TES unit. The term E1 accounts for sensible storage in the 

wall material. The sensible energy stored in the liquid and solid PCM is represented 

by the terms E2 and E 3 , respectively. The fourth term gives the amount of latent 

energy storage. The sensible energy that went into raising the temperature of the 
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solid PCM which has already melted is accounted for by E 5 • And finally the last 

term represents sensible storage due to the increase in temperature of the heat 

transfer fluid. Because different scalings for temperature and position are used for 

each subproblem the energy storage terms must be derived for each. 

11.1.1 Case 1: Heating of the Wall 

(11.1) 

11.1.2 Case 2a: Heating of the Wall and Solid PCM 

(11.2) 

(11.3) 

11.1.3 Case 2b: Continued Heating of the Wall and Solid PCM 

Equation (11.2) 
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(11.4) 

11.1.4 Case 3a: Beginning of Melting 

E 1 :::} Equation (11.2) 

(11.5) 

(11.6) 

- 4 [ 3 3] E4 = 371" S - (S - R) P,h,l (11. 7) 

(11.8) 

11.1.5 Case 3b: Intermediate Melting 

El :::} Equation (11.2) 

E2 :::} Equation (11.5) 

(11.9) 
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E4 =? Equation (11. 7) 

Es=? Equation (11.8) 

11.1.6 Case 3c: End of Melting 

El =? Equation (11.2) 

E2=? Equation (11.5) 

E3 =? Equation (11.9) 

E4=? Equation (11. 7) 

Es=? Equation (11.8) 

11.1.7 Case 4a: Sensible Heating of the Wall and Liquid PCM 

El =? Equation (11.2) 

E2 = 1S 

PlCp,l(Tl - To)4rrr2dr (11.10) 

(11.11) 

(11.12) 

(11.13) 
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11.1.8 Case 4b: Continued Heating of the Wall and Liquid PCM 

El ~ Equation (11.2) 

E2 ~ Equation (11.10) 

E4 ~ Equation (11.12) 

Es =} Equation (11.13) 

11.1.9 Heat Transfer Fluid 

(11.14) 

The total energy stored is given by 

- N rL (~-) -
ETOT = L Jo ~ Ei di + Es (11.15) 

The second method of calculating the stored energy utilizes an energy balance 

on the tank and is given in dimensional form by the following equation. 

(11.16) 

11.2 Nondimensional Formulation 

U sing the scaling factor below and the appropriate dimensionless parameters 

from Chapter 3, the energy storage terms from the previous section are nondimen-

sionalized. 

(11.17) 
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This scaling factor represents the amount of latent storage in a single sphere. The 

dimensionless versions are presented in the following subsections. 

11.2.1 Case 1: Heating of the Wall 

(11.18) 

11.2.2 Case 2a: Heating of the Wall and Solid PCM 

(11.19) 

(11.20) 

11.2.3 Case 2b: Continued Heating of the Wall and Solid PCM 

El =? Equation (11.19) 

E3 3SteTf Ai fO 2 
E3 = -E = - (1 _ Sb)K Jl T6(1 - r6) dr6 

6cale i 1 
(11.21) 

11.2.4 Case 3a: Beginning of Melting 

El =? Equation (11.19) 

(11.22) 
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(11.23) 

E4 3 E4 = -- = 1 - (1 - tZ) 
E6cale 

(11.24) 

E5 SteSb).l [ 3] 
E5 = E6cale = (1 _ Sb)Kl 1 - (1 - tZ) (11.25) 

11.2.5 Case 3b: Intermediate Melting 

El =? Equation (11.19) 

E2 =? Equation (11.22) 

(11.26) 

E4 =? Equation (11.24) 

E5 =? Equation (11.25) 

11.2.6 Case 3c: End of Melting 

El =? Equation (11.19) 

E2 =? Equation (11.22) 
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E3 3SteSb)..lC3 fO 2 
E3 = -- = (Sb) [1 - T.X(t3e - t)] Tadrs 

E.eale 1 - Kl 1 
(11.27) 

E4 => Equation (11.24) 

Es => Equation (11.25) 

11.2.7 Case 4a: Sensible Heating of the Wall and Liquid PCM 

El => Equation (11.19) 

(11.28) 

E3 = 0 (11.29) 

(11.30) 

Es SteSb)..l 
Es == -- = ----

E.ea1e (1 - Sb)Kl 
(11.31) 

11.2.8 Case 4b: Continued Heating of the Wall and Liquid PCM 

El => Equation (11.19) 

(11.32) 
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(11.33) 

(11.34) 

E5 =? Equation (11.31) 

11.2.9 Heat Transfer Fluid 

To nondimensionalize the energy stored in the heat transfer fluid the scaling 

factor, E6cale, was modified to encompass the latent energy stored in the entire 

system. 

Where N is the number of spheres in the tank and is defined below. 

So 

N = 3( 1 - €v) P . W . L 
471"(5 + c)3 

The dimensionless total stored energy is given by 

for method one and 

for method two. 

(11.35) 

(11.36) 

(11.37) 

(11.38) 

(11.39) 
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11.3 Integration of the Temperature Profiles 

The appropriate temperature profiles from Chapter 4 are now substituted into 

the intergrals given in Section 11.2. Integrating and simplifying results in the fol-

lowing energy storage terms. 

11.3.1 Case 1: Heating of the Wall 

11.3.2 Case 2a: Heating of the Wall and Solid PCM 

Define: 

Al = 20(~ + I? - 45(~ + 1)2 + 34(~ + 1) - 9 

A2 = 10(~ + 1)2 - 10(~ + 1) + 3 

A3 =3(~+1)3-6(~+1)2+4(~+1)-1 

A4 = 40(~ + 1)2 - 30(~ + 1) + 8 

El = 20{1 - Sb)~3Kl).w(bIlKw~ + 1) 

x (Bi(h!KwA1 + A2)(f w - 1) + r w {20h1l KwA3 + A4}) 

(11.40) 

(11.41) 

(11.42) 
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11.3.3 Case 2b: Continued Heating of the Wall and the Solid PCM 

Define: 

AS = 20(~ + 1)2 - 30(~ + 1) + 12 

11.3.4 Case 3a: Beginning of Melting 

Define: 

A6 =(~+1)2+2(1:+1) 

A7 =2(1:+1)+1 

Y1 = -3(tZ)2 + lOtZ - 10 

Y2 = 8( tZ)2 - 30tZ + 40 

El = (1 ~~:)~;il).W {Tf (~{ r w [BiA6 + (1: + 1)2 - 1] - BiA6} 

+ r2w [2(1: + 1) - Bi(~ + 1)2] + ~i (~ + 1)2 - r w(~ + 1)2 + ~i A7 

+ ~w [-BiA7 - 2(1: + 1)] + ~ [(Bi + l)r w - Bi]) 

[ 1 2 1 I]} +;1 - 3 (1: + 1) + 2 (1: + 1) - "5 

(11.43) 

(11.44) 

(llAS) 
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(11.46) 

SteSb>'lO/J [ 2 2 1 
E3 = 10(1 _ Sb)Kl 10(tZ) + 50,,(tZ - 1) - 20tZ + 0" + 10 (11.47) 

E4 * Equation (11.24) 

Es * Equation (11.25) 

11.3.5 Case 3b: Intermediate Melting 

El * Equation (11.45) 

E2 * Equation (11.46) 

(11.48) 

E4 * Equation (11.24) 

Es * Equation (11.25) 
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11.3.6 Case 3c: End of Melting 

E1 ::::} Equation (11.45) 

E2 ::::} Equation (11.46) 

E3 = 

E4 ::::} Equation (11.24) 

Es ::::} Equation (11.25) 

11.3.7 Case 4a: Sensible Heating of the Wall and Liquid PCM 

E1 ::::} Equation (11.45) 

E2 = ~~e [4'214TJ + 20rt + 8/ 1/2 + G - G(8t - 1)4] 

E3 = 0 

Es ::::} Equation (11.31) 

(11.49) 

(11.50) 

(11.51) 

(11.52) 
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11.3.8 Case 4b: Continued Heating of the Wall and Liquid PCM 

El :::;. Equation (11.45) 

(11.53) 

(11.54) 

(11.55) 

Es :::;. Equation (11.31) 

11.4 Asymptotic Steady State Valu'es 

The asymptotic values of the six energy storaged terms are obtained by allowing 

t -t 00. As the system approaches steady state the temperatures T w, T f and Tl 

approach their limiting value Ti,o' Applying this knowledge to the dimensional 

energy terms in Section 11.1.8, nondimensionalizing and simplifying results in the 

following asymptotic expressions. 

(11.56) 

E 200 E2 CXl = --' - = Ste 
, E6ca/e 

(11.57) 

(11.58) 
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(11.59) 

E5 (Xl SteSbAl 
E500 = -'- = ----

, E.ca1e K l (1 - Sb) 
(11.60) 

(11.61) 

The total asymptotic stored energy is given by the sum of the six terms above. 

ETOToo = 1 + Ste , 

(11.62) 
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12 APPENDIX C SUBROUTINE FLOW CHARTS 



191 

r--------------~rnpROGRAMI 

I 1 SUBSECTION 1 I 
1 I 
I CALL 1 (t. ~t, B. Ow) I 
I I 
~--------------~--~ 
r-------------~~UTI~-

SUBROUTINE 1 (t. ~t. B. Ow) 

ITERATE 
Ok+l 
w 

I-------------~~~GRA~ 
I SUBSECTION A I 
I I 
I DETERMINE I 
I 6:+

1 I 
I r~+1 I 
I I 
I I 
I I 
I NO I 
I H 1 
_I __________________ 1 

Figure 12.1: Subroutine 1 flow chart 
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r---------------- - - - -MAIN PRoGRAM-' 
I SUBSECTION 2 I 
I I 
I I I CALL 2A (t. At. B. rW' OS> I 
L ___________________ ---J 

r------------------~MW2al 

SUBROUTINE 2A (t. ~t. B. rw' OS) 

ITERATE 
rk+1 
w 

----------- - -- ----- -r----~ . 
r----------------~---I 

MAIN PROGRAM 
I B SUBSECTION B 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 

DETERMINE 
~n+l 
s 

ncase = 3 
(~SUBPROBLEM 2B) 

ncase = 4 
(~SUBPROBLEM 3A) 

I _____________________ -.J 

Figure 12.2: Subroutine 2a flow chart 
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r-----------------MAINPROGRAM-' 
I SUBSECTION 3 I 
I I 
I I 
I CALL 2B (t, tit, 8, rw' rs) I 
I 
~----------------I _____ I 
I----------------~---l 

SUBROUTINE 2b 
SUBROUTINE 2B (t, lit, 8, rw' rs) I 

ITERATE 
,....--~rk+l rk+1 

w ' 5 

NO 
RETURN 

I 
I 
I 
I 
I 
I 
I 
I 
I 
I 

________________ ~ ____ J 

r---------------!i-N PROGRAM-l 

I C SUBSECTION C I 
I I 
I I 

ncase = 5 I I ~SUBPROBLEM 3B} 
I I 
I NO I 
I H I 

I L _____________________ , 

Figure 12.3: Subroutine 2b flow chart 
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r----------------------------------AAr~~~-1 
I 4 SUBSECTION 4 I 
I I 
I CALL 3A (t. !>t. Tf • B. rw' r t • rs' Z) I 
I I '-- _______________________________ , ____ ...J 

r ---------------- -- --- - ------- -- _.1- __ --, 
SUBROUTINE 3a 

: SUBROUTINE 3A (t. ut. Tf • a. rw' r l • ~s' Z) \ 

I I 
I I 
I I 
I I 
I I 
I I 
I I 
I I 
I I L ________________________________ ----! 
r- - - - - - - - - - - - --- - - - -- -- - - - - - - - - -;~PROG;; -l 
I D SUBSECTION D I 
I I 
I DETERMINE I 
I Cn+1 I 
I I 
I I 
I I 
I (-~~:~:O~L~H 3B) : 

I I 
I H I 
I I L _________________________________ J 

Figure 12.4: Subroutine 3a flow chart 
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r------------- --------- - - - -- HAINPROGAAM -, 

I 5 SUBSECTION 5 I 
I I 
I CALL 3B (t. t.t. Tf • B. rw' r~. ~s. Z) I L __________________________ ~-----J 
r--------------------------L----l I SUBROUTI HE 3b I 
I SUBROUTINE 3B (t. tt. Tf • B. ~w' ~<' 's' Z) I 
I I 
I I 
I I 
I I 
I I 
I I 
I I 
I I 
I I L.. _______________________ ....-- ____ I 

r--------------------------L;-;-N-;;;O~M-l 
I E SUBSECTION E I 
I I 
I I 
I ncase· 6 I 
I (_SUBPROBLEM 3C) I 

I I 
I H I L ______________________________ J 

Figure 12.5: Subroutine 3b flow chart 
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,------------------------HAiKPRciGRAM-' 
'7 SUBSECTION 7 I 
I I 
I CALL 4A (t. ht. Tf • B. fw' ft' Ott G) I 
L _______________________ ~----J 
,-- - - - - - - --- - --- - - - - - - --- - -';aROUTrnE 4a"-' 
I SUBROUTINE 4A (t. ht. Tf • B. fw' ft' O~. G) 

I 
I 
I 
I 
I 
I 
I 
I 
I L _____________________________ . ___ _ 

r ------- - ------ ------ -- -- --....i;;N -;;0;;;/1-' 
I G SUBSECTION G 

I 
I 
I 
I 
I 
I 
I 
I 
I 
I 

DETERMINE 
c~+l 
• 

ncase : 8 
(-SUBPROBLEM 4B) 

L-----------------~H 
1 ______ ---------------------- __ _ 

Figure 12.7: Subroutine 4a flow chart 
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13 APPENDIX D FORTRAN LISTINGS 

13.1 The Main Program 

c sphere.for 

c main program to run multi node melting problem 

c Variable Description 

c a's 
c beta 
c betao 
c bi 
c bii 
c c 
c cf 
c cnthst 
c 
c convf 
c d 
c delt 
c delta 
c delto 
c deltt 
c deltz 
c dif 
c dl 
c ds 
c dum1 
c dum2 
c dum3 

=> convenience constants 
=> (array) beta 
=> value of beta at the end of case 3c 
=> Biot number 
=> (array) time dependent input bi's 
=> (array) dimensionless solid volume 
=> convenience term in the fluid equation 
=> (integer)(array) history of the number of time steps 

for each subroutine - used by TSTEP 
=> (logical) Used to control updating of fluid parameters 
=> (array) dimensionless nonsingular penetration depth 
=> time step - can change at the end of a case 
=> (array) thermal penetration depth 
=> time step - does not change once set by TSTEP.for 
=> (array) time step sizes for each subroutine 
=> node spacing 
=> diference between old and new fluid temperatures 
=> (array) liquid dimensionless nonsingular penetration depth 
=> (array) solid dimensionless nonsingular penetration depth 
=> dummy variable used for output manipulation 
=> 
=> 



c 

c 
c 
c 
c 
c 

c 
c 

c 
c 

c 
c 

c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 

c 
c 

e1 
e2 
e3 
e4 
e5 
e6 

elate 
esen 
esys 
esysl 
esysls 
esyspn 
etot 
f1 
f2 
fflag 
fluin 
fluout 
fnmelt 
fr 
ftol 
g 

gl 
g2 
g4 
g40 
g5 
gl 
glO 

c gldot 
c gltz 
c gs 
c 
c 
c 
c 
c 
c 

c 

c 
c 

gsout 
gw 
gwdot 
i 
ifile 
inflag 
iter 
iterwd 
kf 

=> energy storage terms 
=> 
=> 
=> 
=> 
=> 
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=> latent energy stored in a node 
=> sensible energy stored in a node 
=> energy stored in the system 
=> latent energy stored in the system 
=> sensible and Latent energy stored in the system 
=> energy stored in the system as summed to the previous node 
=> dimensionless asymptotic total stored energy 
=> convenience parameters in fluid equation 
=> 
=> (logical) Identifies the status of the fluid equation 
=> (array) input for current node from previous node 
=> (array) output from current node to become fluin values 
=> time the system is finished melting 
=> (array) flow rate 
=> tolerance for fluid iterations 
=> slope of the liquid temperature profile at the center of 

the sphere at the end of case 3c 
=> gamma 1: common group in the formulation 
=> gamma 2: 
=> gamma 4: 
=> value of g4 at the end of case 3c 
=> convenience term 
=> (array) Gamma 1 
=> value of Gamma 1 at the end of case 3c 
=> derivative of Gamma 1 with respect to time 
=> Gamma 1 * time * z 
=> (array) Gamma s 
=> Gamma s rescaled to match fluid temperature 
=> (array) Gamma w 
=> derivative of Gamma w with respect to time 
=> (integer) counter for loops 
=> (character) input data file name 
=> (logical) flag for debug purposes 
=> (array) iteration counter 
=> (integer) fluid equation iteration counter 
=> ratios of thermal conductivities 



c 
c 
c 
c 
c 
c 

kl 
kountw 
kw 
lamdaf 
lamdal 
lamdaw 

201 

=> 
=> (integer) time step counter 
=> ratio of thermal conductivities 
=> ratios of thermal diffusivities 
=> 
=> 

c mu => free parameter (Omega in the formulation) 
c muot => (array) mu/time 
c n => (integer) number of nodes 
encase => (integer)(array) keeps track of current subroutine 
c ncount => (array) time steps in a subroutine 
c ndata => (integer)parameter used to determine loop lengths 
c node => (integer) current node 
c noutlin => (integer) number of output lines - output manipulation 
c ntstep => (integer) number of time steps in a subroutine 
c nworld => (integer) counter used for output frequency 
c ofile => (character) output file name 
c pcl => (integer) output flags 
c pc2 => 
c pc3 => 
c pc4 => 
c pfflag => 
c probt 
c sb 
c sbots 
c sigma 
c ste 
c stmelt 
c t 

c tl 
c tls 
c t2 
c t2p 
c t2s 
c t3 
c t3s 
c tchan 
c temp1 
c temp2 
c temp3 
c temp4 
c temp5 

=> (array) subroutine time 
=> Subcool number 
=> sb/fluid temperature 
=> Sigma 
=> Ste 
=> time that melting first starts in the system 
=> (array) time 
=> (array) time t1 - end of case 1 
=> (array) time - end of case 2a -> 2b 
=> (array) time - end of case 2a -> 3a 
=> (array) time - end of case 3b 
=> (array) time - end of case 3a 
=> (array) time - end of case 3c 
=> (array) time - end of case 4a 
=> fluid temperature from previous iteration 
=> (array) temporary arrays to send things to interpolaters 
=> (array) 
=> (array) 
=> (array) 
=> (array) 
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c temp6 => (array) 
c temp7 => (array) 
c temp8 => (array) 
c temp9 => (array) 
c tempfile=> (character) temporary file - output manipulation 
c tflag => (logical) used to determine when a subroutine has ended 
c time => (array) time from input file 
c tin => (array) inlet temperature from input file 
c tinlet => intlet temperature 
c tintws => wall/solid PCM interface temperature 
c tmelt => (array) used to determine the end of case 2a 
c tspn => value of fluid temperature from the previous node 
c tstar => (array) dimensionless fluid temperature 
c tstaro => value of fluid temperature at the end of case 3c 
c tstart => time parameter to help at the beginning of nodes 
c tstdot => derivative of the fluid temperature with respect to time 
c tcen => the temperature at the center of the sphere 
c tceno 
c tworld 
c tz 

=> the value of tcen at the end of case 3c 
=> world time - transcends subroutines 
=> (array) convenience term time*Z 

c u => dimensionless fluid velocity 
c void 
c x 

=> void fraction 
=> (array) X from the formulation 

c xl 
c x2 
c yl 
c y2 
c z 

=> parameters used to define a linear interpolating function 
=> 
=> 
=> 
=> (array) Z from the formulation 

c zdot => derivative of z with respect to time 

logical convf,fflag,inflag,pflag,tflag 

character*20 ifile,ofile,tempfile 

double precision al,a2,a3,a4,a5,beta,betao,bi,bii,c,cf,d,delt, 
1 delta,delto,deltt,deltz,dif,dl,ds,el,e2,e3,e4,e5,e6,elate, 
2 esen,esys,esyspn,etot,fl,f2,fluin,fluout,fnmelt,fr,ftol,g,gl, 
3 g2,g4,g40,g5,gl,glO,gldot,gltz,gs,gsout,gw,gwdot,kf,kl,kw, 
4 lamdaf,lamdal,lamdaw,mu,muot,probt,sb,sbots,sigma,slope,ste, 
5 stmelt,t,tl,tls,tlp,t2,t2p,t2s,t3,t3s,tcen,tceno,tchan,templ, 
6 temp2,temp3,temp4,temp5,temp6,temp7,temp8,temp9,time,tin, 
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7 tinlet,tintYs,tmelt,tspn,tstar,tstaro,tstart,tstdot,tYorld, 
8 tZ,u,void,x,xl,x2,yl,y2,z,zdot 

integer*4 cnthst,i,iter,iterYd,kountY,n,ncase,ncount,ndata,node, 
1 noutlin,ntstep,nworld,pcl,pc2,pc3,pc4 

dimension delta(6),probt(6),gw(6),ds(6),tmelt(6) 
dimension z(6),gl(6),c(6),gs(6),templ(3),temp2(3) 
dimension muot(6),dl(6),tz(6),ncase(2),temp3(3) 
dimension temp4(3),temp5(3),tl(2),tls(2) ,t2(2) 
dimension t2s(2),t3(2),tstar(6),beta(6) 
dimension t3s(2),temp6(3),d(6),x(2),t2p(2) 
dimension t(2),iter(2),ncount(2),Bii(20) 
dimension temp9(3),deltt(8) 
dimension time(20) ,tin(20),fr(20),temp7(3),temp8(3) 
dimension fluin(3,3000),fluout(3,3000) 

common bi,kY,kl,lamdal,lamdaw,mu,sb,sigma,ste 
common/tctrl/deltt,cnthst 
common/fluid/fluin,fflag 
common/debug/node,ncase,tworld,ncount 

c Define linear interpolation function 

linear(yl,y2,x1,x2,d) = xl+(x2-xl)*(d-yl)/(y2-y1) 

c Input data 

data mu /.6 / 
data inflag/.false.1 

print *, , Enter the name of the input file.' 
read (5,6000) ifile 
tempfile = 't'l/ ifile 
Yrite(6,6001)tempfile 

6001 format(/' Tempfile name is: ',a20) 

print *, ' Enter the name of the output file.' 
read (5,6000) ofile 

6000 format(a20) 

open(unit=2, file=ifile ,status='old') 



read (2,*) kw 
read (2,*) kl 
read (2,*) kf 
read (2,*) lamdaw 
read (2,*) lamdal 
read (2,*) lamdaf 
read (2,*) sigma 
read (2,*) sb 
read (2,*) ste 
read (2,*) void 
read (2,*) n 
do 8 i = 1,8 
read (2,*) deltt(i) 
cnthst(i) = 100 

8 continue 
read (2,*) pflag 
read (2,*) pcl,pc2,pc3,pc4 

c Read variable input data 

read (2,*) ndata 
do 13 i = 1,ndata 
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read (2,*)time(i),tin(i),fr(i),Bii(i) 
13 continue 

close (2) 

c Calculate total asymptotic energy storage 

etot = 1. + ste + ste*lamdal/(kl*(l.-sb»* 
& (sb + kw/lamdaw*«l. + 1./sigma)**3 - 1.) + 

& (kf*void)/(lamdaf*(l. - void»*(l. + 1./sigma)**3) 

c Output to the screen 

print * " , 
print*,' , 
print*,'Spherical Melt' 
print*,' , 
print*,' , 
print*,'etot',etot 
print*,'el >' ,ste*lamdal!(kl*(l. - sb»*kw/lamdaw* 

& «1. + 1./sigma)**3 - 1.) 



print*,'e2 >, ,ste 
print*, , e3 >',0 
print*,'e4 >',1. 
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print*,'e5 >',ste*lamdal*sb/(kl*(l.-sb» 
print*,'e6 >, ,ste*lamdal/(kl*(l.-sb»* 

& (kf*void)/(lamdaf*(l. - void»*(l. + 1./sigma)**3 

e Initialize parameters 

deltz = 1./n 
node = 1 
tflag = .false. 
ftol = .00001 
tstart = 0.0 
noutlin = 0 
esys = 0.0 

e Open output files 

if(pflag) then 
open(unit=32,file=tempfile,status='unknown') 
open(unit=36,file=ofile,status='unknown') 

endif 

e MAIN LOOP FOR NODES 

do 1001 node = 1,n+l 

print * ' , , 
print *,' Node' ,node 

e Initialize nodal parameters 

nworld = 0 
gsout = o. 
teen = o. 
teeno = o. 
esen = o. 
elate = O. 
tstdot = o. 
tehan = o. 
tyorld = tstart 



kountw = 0 
fflag = .true. 
if(node.eq.l)then 

convf = .true. 
else 

convf = .false. 
endif 

c INITIALIZE CASE I 

7 

do 7 i = 1,2 
t{i) = O. 
ncase(i) = 1 
ncount(i) = 0 
iter(i) = 0 

continue 
do 1 i = 1,6 

c(i) = 1. 

beta(i) = o. 
tstar(i) = o. 
probt(i) = o. 
delta(i) = o. 
gw(i) = o. 
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d(i) = sigma*dsqrt(3.dO*lamdaw) 
1 continue 

c Find time step size 

call tstep(node,ncase(1),delto) 
delt = delto 

c INCREMENT WORLD TIME 

2 tworld = tworld + delt 
kountw = kountw + 1 
esys = 0.0 
if (kountw.eq.3000)then 

Print*,' too many time steps to store fluid information' 
print*, 'node' ,node 
print*,'ncase' ,ncase(l) 
print*,'tcen',tcen 
print*,'tstar' ,tstar(l) 
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print*,'tinlet' ,tinlet 
print*, , s1 count' ,cnthst(l) 
print*,'s2a count' ,cnthst(2) 
print*,'s2b count' ,cnthst(3) 
print*,'s3a count' ,cnthst(4) 
print*,'s3b count' ,cnthst(5) 
print*,'s3c count' ,cnthst(6) 
print*,'s4a count' ,cnthst(7) 
print*,'s4b count' ,cnthst(8) 
call exit 

endif 

c Find inlet conditions from input data files. 
c 
c 

c 
c 
c 

For node 1 this is from the file "INLET.DAT" which 
has been stored in the arrays "time" and "fr". For 
all other nodes this is from the data file "TINLET.DAT" 
which was written during the previous nodal calculation. 

if ( node .eq. 1 ) then 
do 12 i = 1,ndata 

if(tworld.ge.time(i).and.tworld.le.time(i+l»then 
tstar(1)=linear(time(i),time(i+1),tin(i), 

& tin(i+l),tworld) 
tinlet = tstar(l) 
beta(1) = (tstar(1)-tstar(2»/(delt*tstar(1» 
u = linear(time(i),time(i+l),fr(i) ,fr(i+l) ,tworld) 
Bi=linear(time(i) ,time(i+1) ,Bii(i) ,Bii(i+1),tworld) 

endif 
12 continue 

else 
do 6 i = 1,ndata 

if(tworld.ge.time(i).and.tworld.le.time(i+l» then 
tinlet = linear (time (i) ,time(i+1),tin(i), 

& tin(i+1),tworld) 
u = linear(time(i),time(i+l),fr(i),fr(i+l),tworld) 
Bi=linear(time(i),time(i+1),Bii(i) ,Bii(i+1),tworld) 

endif 
6 continue 

call tempin( tworld, tspn ,esyspn ) 

c skip calculation if the inlet temperature for this node is small 



if (tspn .le. 1.e-9) then 

kountw=kountw-l 
tstart = tworld 
goto 2 

end if 
endif 

nworld = nworld +1 
iterwd = 1 

4 continue 

if (inflag) then 
* ' , , 
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print 
print 
print 
print 

*,'Oebug #1 at DO 1000 .. node=' ,node 
*,' tworld=',tworld 
*,' iterwd=',iterwd 

endif 

c BRANCH TO APPROPRIATE CASE 

c 

5 continue 

10 

if(inflag) then 
print *,' case =' ,ncase(l) 
print *,' ncount = ',ncount(l) 
print *,' iter =' ,iter(l) 

endif 
go to (10,20,30,40,50,60,70,80,99),ncase(1) 

BEGIN CASE I 

continue 

probt(3) = probt(2) 
probt(2) = probt(1) 
delta(3) = delta(2) 
delta(2) = delta(l) 
gw(3) = gw(2) 
gw(2) = gw(1) 

t(l) = t(l) + delt 



c 

ncount(l) = ncount(l) + 1 
iter(l) = iter(l) + 1 
probt(l) = t(l) 
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call easel (probt(l),delt,beta(l),d(l),delta(l» 

gw(l) = delta(1)*bi/(2.dO+bi*delta(1» 

Energy Stored 

e1 =(delta(1)**2*ste*kw*lamdal*tstar(1)*bi) 
& !«1.-sb)*sigma**3*kl*lamdaw*(2.+bi*delta(1») 
& *(delta(1)**2/10.-(sigma+l.)*delta(1)/2.+(sigma+l)**2) 

e2 = 0 
e3 = 0 
e4 = 0 

e5 = 0 
e6 = (ste*lamdal*kf*tstar(l)*void)/ 

& «1.-void)*(1.-sb)*lamdaf*kl)*(1.+1./sigma)**3 
esen = el + e6 

c Check if delta > 1 

if (delta(l) .ge. 1.dO ) then 

c END CASE I 

c Confirm that at least 10 time steps were taken. If not 
c determine a new time step size and repeat Case I 

If (ncount(1).lt.l0) then 
print*,'less than 10 time steps in case 1 for node' ,node 
call exit 

endif 

cnthst(ncase(l» = ncount(l) 
tflag = .true. 

c INITIALIZE CASE IIA 

c load temporary arrays 
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c 

11 

c 

20 

c 

do 9 i = 1,3 
templ(i) = delta(i) 
temp2(i) = probt(i) 

continue 
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interpolation to determine the time ~hen delta = 1.0 

if(ncount(1).le.2) print *,'NOT ENOUGH TIME STEPS' 
'IN CASE I FOR QUADSL .. USING LINSOL' 

if (ncount(1).ge.2) then 
call quadft (templ,temp2,l.0dO,tl(1» 

else 
tl(1)=linear(delta(1),delta(2),probt(1),probt(2),1.) 

endif 

t(l) = t1(1) 
delt = probt(l)-tl(l) 
g~(l) = bi/(2.dO+bi) 
ds(l) = dsqrt(3.dO) 
do 11 i = 1,3 

g~(i) = g~(l) 
ds(i) = ds(l) 
delta(i) = O.dO 
tmelt(i) = lodO 
probt(i) = O.dO 

continue 
ncase(l) = 2 
ncount(1) = 0 
goto 5 

endif 

CONTINUE CASE I 

go to 99 

continue 

BEGIN CASE IIA 



c 

& 
& 

& 
& 
& 
& 
& 

& 
& 
& 

& 

probt(3) = probt(2) 
probt(2) = probt(1) 
g~(3) = gw(2) 
g~(2) = gw(1) 
deIta(3) = delta(2) 
deIta(2) = delta(l) 
tmelt(3) = tmelt(2) 
tmelt(2) = tmelt(l) 

ncount(1) = ncount(l) + 1 
tel) = tel) + delt 
probt(1) = probt(l) + de It 
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call case2a(probt(1),delt,beta(1),gw(1),ds(1),delta(1» 

a1 

e1 

e3 

e2 
e4 
e5 

Energy Stored 

= delta(1)*k~*(20.*(sigma+l.)**3-45.*(sigma+l.)**2 
+34.*(sigma+l.)-9.)+10.*(sigma+1.)**2 
-10.*(sigma+1.) + 3. 

=(ste*k~*lamdaI*tstar(1)/ 

«1.-sb)*kl*lamda~*sigma**3» 

*(bi*al*(gw(1)-1.)+g~(1)*(20.*delta(1)*kw 

*(3.*(sigma+l.)**3-6.*(sigma+l.)**2+4.*(sigma+1.)-1.) 
+40.*(sigma+l.)**2-30.*(sigma+1.)+8.» 
/(20.*(delta(1)*k~*sigma + 1.» 

= (delta(1)**2*ste*lamdal*tstar(1»/(10.*kl*(1.-sb» 
*(k~*sigma/(l.+k~*sigma*delta(l») 

*(delta(1)**2-5.*delta(1)+10.) 
*(g~(1)-bi*(1.-g~(1»/2.) 

= 0 
= 0 
= 0 

e6 = (ste*lamdal*kf*tstar(l)*void)/ 
«1.-void)*(1.-sb)*lamdaf*kl)*(1.+1./sigma)**3 

esen = e1 + e3 + e6 

if (tstar(1).lt.l0.d-l0)then 
goto 99 

endif 
tmelt(1) = bi/(2.+bi) + 2.*sb*(1.+k~*sigma*delta(1»/ 
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& (kw*sigma*(2.+bi)*delta(1)*tstar(1» 
gsout = (gw(l)-bi*(l.-gw(l»+(bi*(l.+ 

& kw*sigma*delta(1)/2.)*(1.-gw(1»-gw(1»/ 
& (1. + kw*sigma*delta(l»)*tstar(l) 

c Check if both of the end Case 2a criteria have been met with the last 
c time step 

if «delta(l) .ge. 1.dO).and.«gw(1)-tmelt(1»* 
& (gw(2)-tmelt(2» .It. 0.0 » then 

print *,' WE HAVE A RACE FOR THE END OF IIa' 
do 27 i = 1,3 

temp1(i) = delta(i) 
temp2(i) = probt(i) 

27 continue 

& 

if (ncount(1).ge.2) then 
call quadft (temp1,temp2,1.0dO,t1s(1» 

else 

endif 

t1s(1)=linear(delta(1) ,delta(2),probt(1), 
probt(2),1.) 

do 28 i = 1,3 
temp1(i) = tmelt(i) 
temp2(i) = probt(i) 
temp3(i) = gw(i) 

28 continue 

endif 

if(ncount(1).ge.2)then 
call quadsl (temp3,temp1,temp2,t2(1» 

else 
call linsol (temp3,temp1,temp2,t2(1» 

endif 
print*,'probt(1)&(2), ,probt(1),probt(2) 
print *,'t1s,t2 ',t1s(1),t2(1) 
if(tls(1).lt.t2(1» then 

print *,' CASE lIB WINS !!' 
goto 24 

else 
print *,' CASE IlIA WINS!!' 
goto 29 

endif 
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24 if (delta(1) .ge. 1.dO ) then 

c END CASE IIA [thermal penetration reached sym B.C.] 

c INITIALIZE CASE lIB 

cnthst(ncase(1» = ncount(1) 
tflag = . true. 
do 21 i = 1,3 

temp1(i) = delta(i) 
temp2(i) = probt(i) 
temp3(i) = tmelt(i) 

21 temp4(i) = gw(i) 

c interpolate to find values when delta = 1. 

if(ncount(1).le.2) print *,'NOT ENOUGH TIME STEPS' 
& 'IN CASE I FOR QUADSL .. USING LINSOL' 

if (ncount(1).ge.2) then 
call quadft (templ,temp2,1.0dO,probt(1» 
call quadft (templ,temp4,1.0dO,gw(1» 

else 
probt(1)=linear(delta(1),delta(2),probt(1),probt(2),1.) 
gw(1) =linear(delta(1),delta(2), gw(l), gw(2),1.) 

endif 
tls(l) = probt(l) 
t(l) = tl(1) + t1s(1) 
delt = probt(2) + de It - probt(1) 
g4 = bi-(2.0dO+bi)*gw(1) 
gs(l) = -(kw*sigma)/(1.0dO+kw*sigma)*0.5dO*g4 
do 23 i = 1,3 

gs(i) = gs(l) 
gw(i) = gw(l) 

23 continue 
ncase(1) = 3 
ncount (1) = 0 
goto 5 

endif 

29 if «gw(1)-tmelt(1»* 
& (gw(2)-tmelt(2» .It. 0.0 ) then 

c END CASE IIA [melting has begun] 
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c INITIALIZE CASE IlIA 

cnthst(ncase(l» = ncount(l) 
tflag = .true. 

c load temporary arrays 
do 25 i = 1,3 

templ(i) = tmelt(i) 
temp2(i) = probt(i) 
temp3(i) = gw(i) 

25 temp4(i) = delta(i) 

c interpolate to find values when gw = tmelt 

if (ncount (1) .le. 2) print *,' ~IOT ENOUGH TIME STEPS ' 
& 'IN IIa FOR QUADSL .. USING LINSOL' 

if(ncount(1).ge.2)then 
call quadsl (temp3,templ,temp2,t2(1» 
call quadft (temp2,temp3,t2(1),gw(1» 
call quadft (temp2,temp4,t2(1),delta(1» 

else 
call linsol (temp3,templ,temp2,t2(1» 
gw(1) = linear(probt(1),probt(2),gw(1),gw(2),t2(1» 
delta(l) = linear(probt(1),probt(2),delta(1),delta(2), 

& t2(1» 
endif 
t(l) = tl(l) + t2(1) 
delt = probt(1) - t2(1) 
g2 = kw*sigma/(kl*(l.dO-sb» 
g4 = bi-(2.dO+bi)*gw(1) 
gl(l) = (2.*sb)/(kl*delta(1)*(1.-sb» 
z(l) = 0.0 
do 26 i = 1,3 

probt (i) = O. dO 
gw(i) = gw(l) 
gl(i) = gl(l) 
delta(i) = delta(1) 
z(i) = z(l) 

26 continue 
if (node.eq.l)then 

stmelt = tworld - delt 
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endif 
print *, , End of Case lIa .... going 
print * , , g~=' ,g~(1) 

print *, , gl=' ,gl(l) 
print * , , delta=' ,delta(l) 
print *,' tstar=',tstar(l) 
ncount(l) = 0 
ncase(1) = 4 
goto 5 

endif 

c CONTINUE CASE IIA 

go to 99 

30 continue 

c BEGIN CASE lIB 

probt(3) = probt(2) 
probt(2) = probt(l) 
gy(3) = g~(2) 
g~(2) = g~(1) 
gs(3) = gs(2) 
gs(2) = gs(1) 

ncount(l) = ncount(l) + 1 
t(l) = t(l) + delt 
probt(l) = probt(l) + delt 

if (inflag.and. node.eq.4) then 
print*,'probt =',probt(l) 
print*,'delt =',delt 
print*,'beta =',beta(l) 
print*,'g~ =',g~(l) 

print*,'gs =',gs(l) 
print* , , CALLnrG CASE2B' 

endif 

to lIla' 

call case2b (probt(l),delt,beta(l),gw(l),gs(l» 

c Energy Stored 
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a2 = 10.*(sigma+1.)**2-10.*(sigma+1.)+3. 
e1 = (ste*kw*lamdal*tstar(1)/ 

& (20.*(1.-sb)*sigma**3*kl*lamdaw» 
& *(bi*a2*(gw(1)-1.)+gw(1)*(40.*(sigma+1.)**2 
& -30.*(sigma+1.)+8.)+gs(1)*(20.*(sigma+1.)**2 
& -30.*(sigma+1.)+12.» 

e3 = (ste*lamdal*tstar(1)/(5.*kl*(1.-sb»)* 
& (gs(1)*(2.*kw*sigma+5.)-gw(1)*(bi+2)*kw*sigma 
& +bi*kw*sigma) 

e6 = (ste*lamdal*kf*tstar(1)*void)/ 
& «1.-void)*(1.-sb)*lamdaf*kl)*(1.+1./sigma)**3 
esen = e1+e3+e6 
gsout = gs(l)*tstar(l) 
teen = tstar(1)*(gs(1)+kw*sigma*(2.*(gs(1)-

& gw(1»+bi*(1.-gw(1»)/2.) 
sbots = sb/tstar(1) 

if ( gs(l) .ge. sbots ) then 

c END CASE lIB 

cnthst(ncase(1» = ncount(1) 
tflag = .true. 

c INITIALIZE CASE IIIB 

c load temporary array 

do 31 i = 1,3 
temp1(i) = gs(i) 
temp2(i) = probt(i) 
temp3(i) = gw(i) 
temp4(i) = tstar(i) 

31 temp5(i) = sb/tstar(i) 

c interpolate to find values when gs = sb/tstar 

if(ncount(1).le.2) print *,'NOT ENOUGH TIME STEPS' 
& 'IN lIb FOR QUADSL .. USING LINSOL' 

if (ncount(1).ge.2)then 
call quadsl (templ,temp5,temp2,t2(1» 
call quadft (temp2,temp3,t2(1),gw(1» 
call quadft (temp2,temp4,t2(1),tstaro) 
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else 
call linsol (templ,temp5,temp2,t2(1» 
gw(l) = linear(probt(1),probt(2), gw(l), gw(2),t2(1» 
tstaro = linear(probt(1),probt(2),tstar(1),tstar(2),t2(1» 

endif 
t(l) = tl(l) + t2(1) 
delt = probt(1) - t2(1) 
g2 = kw*sigma/(kl*(l.dO-sb» 
g4 = bi-(2.dO+bi)*gw(1) 
gl(l) = g2*(2.*sb/tstaro+bi*(1.-gw(1»-

& 2.*gw(1»*tstaro 
gs(1)=(1.dO+kw*sigma)+(kw*sigma*g4* 

& tstaro)/(2.dO*sb) 
z(1) = 0.0 

do 32 i = 1,3 
probt(i) = O.dO 
gw(i) = gw(1) 
gl(i) = gl(1) 
gs(i) = gs(1) 
z(i) = z(1) 

32 continue 
if (node.eq.1) then 

stmelt = tworld - delt 
endif 
ncase(l) = 5 
ncount (1) = 0 
goto 5 

endif 

c CONTINUE CASE lIB 

go to 99 

40 continue 

c BEGIN CASE IlIA 

c(3) = c(2) 
c(2) = c(l) 
probt(3) = probt(2) 
probt(2) = probt(1) 



gw(3) = gw(2) 
gw(2) = gw(l) 
delta(3) = delta(2) 
delta(2) = delta(l) 
gl(3) = gl(2) 
gl(2) = gl(l) 
z(3) = z(2) 
z(2) = z(l) 

ncount(l) = ncount(l) + 1 
t(l) = t(l) + delt 
probt(l) = probt(l) + delt 
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call case3a(probt(1),delt,tstar(1), 
& beta(l) ,gw(l) ,gl(l) ,delta(l),z(l» 

gltz=gl(l)*probt(l)*z(l) 
c(l)=l.dO-z(l)*probt(l) 
gl = sb+(l.-sb)*gltz 
gsout = gl 

c Energy Stored 

a3 = (sigma+l.)**2+2.*(sigma+l.) 
a4 = 2.*(sigma+l.)+1. 
el = (-3.*ste*kw*lamdal/«1.-sb)*kl*lamdaw*sigma**3» 

& *(tstar(1)*«gw(1)*(bi*a3+(sigma+l.)**2-1.)-bi*a3)/3. 
& +gw(1)*(2*(sigma+l.)-bi*(sigma+l.)**2)/2. 
& +bi*(sigma+l.)**2/2.-gw(1)*(sigma+l.)**2+bi*a4/4. 
& +gw(1)*(-bi*a4-2.*(sigma+l»/4.+«bi+l.)*gw(1)-bi)/5.) 
& +gl*(-(sigma+l.)**2/3.+(sigma+l.)/2.-1./5.» 

a5 = -3.*probt(1)**2*z(1)**2+10.*probt(1)*z(1)-10. 
e2 = ste*(probt(1)*z(1»**2/20.*(gw(1)*a5*(bi+2.)*g2*tstar(1) 

& +gl(1)*(8.*probt(1)**2*z(1)**2-30.*probt(1)*z(1)+40.) 
& 

e3 
& 
& 

e4 
e5 
e6 

& 

= 

= 
= 
= 

-g2*(bi*tstar(1)+2.*gl)*a5) 
delta(1)*lamdal*sb*ste/(kl*10.*(1.-sb» 
*(10.*probt(1)**2*z(1)**2+5.*delta(1)*(probt(1)*z(1)-1.) 
-20*probt(1)*z(1)+delta(1)**2+l0.) 
1.-(1.-probt(1)*z(1»**3 
lamdal*sb*ste/«1.-sb)*kl)*(1.-(1.-probt(1)*z(1»**3) 
(ste*lamdal*kf*tstar(l)*void)/ 
«1.-void)*(1.-sb)*lamdaf*kl)*(1.+1./sigma)**3 



esen = e1 + e2 + e3 + e5 + e6 
elate = e4 

if (delta(l).gt.c(l» then 
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c END CASE IlIA 

cnthst(ncase(l» = ncount(l) 
tflag = . true. 

c INITIALIZE CASE IIIB 

c determine t2s (time when delta = l-tz) 

c 

43 

load temporary arrays 
do 43 i = 1,3 

templ(i) = probt(i) 
temp2(i) = c(i) 
temp3(i) = delta(i) 
temp4(i) = z (i) 
temp5(i) = gy(i) 
temp6(i) = gl(i) 

if(ncount(1).le.2) print *,'NOT ENOUGH TIME STEPS' 
&: ' IN IIIa FOR QUADSL .. USInG LINSOL' 

if(ncount(1).ge.2)then 
call quadsl (temp2,temp3,templ,t2s(1» 
call quadft (temp1,temp4,t2s(1),z(1» 
call quadft (temp1,temp5,t2s(1),gw(1» 
call quadft (templ,temp6,t2s(1),gl(1» 

else 
call linsol( temp2,temp3,templ,t2s(1» 
z(l) = linear( probt(1),probt(2), z(l), z(2),t2s(1) ) 
gw(l) = linear( probt(1),probt(2),gw(1),gw(2),t2s(1) ) 
gl(l) = linear( probt(1),probt(2),gl(1),gl(2),t2s(1) ) 

endif 
t(l) = t1(1) + t2(1) + t2s(1) 
gs(l) = O.OdO 
ncase(1) = 5 
ncount(l) = 0 
goto 5 



endif 

c CONTINUE CASE IlIA 

go to 99 

50 continue 

c BEGIN CASE IIIB 

probt(3) = probt(2) 
probt(2) = probt(l) 
gw(3) = gw(2) 
gw(2) = gw(1) 
g1(3) = gl(2) 
g1(2) = gl( 1) 
gs(3) = gs(2) 
gs(2) = gs(1) 
z(3) = z(2) 
z(2) = z(l) 
muot(3) = muot(2) 
muot(2) = muot(l) 
ncount(l) = ncount(l) + 1 
t(l) = t(l) + delt 
probt(l) = probt(l) + de It 
muot(l) = mu/probt(l) 
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call case3b (probt(l) ,delt,tstar(l) , 
& beta(l),gw(l),gl(l),gs(l),z(l» 

gltz=gl(l)*probt(l)*z(l) 
c(l)=l.dO-z(l)*probt(l) 
gl = sb+(l.-sb)*gltz 
gsout = gl 
tcen = gs (1) *sb 

c Energy Stored 

a3 = (sigma+l.)**2+2.*(sigma+l.) 
a4 = 2.*(sigma+l.)+1. 
al = (-3.*sta*kw*lamdal/«1.-sb)*kl*lamdaw*sigma**3» 

& *(tstar(1)*«gw(1)*(bi*a3+(sigma+l.)**2-1.)-bi*a3)/3. 
& +gw(1)*(2*(sigma+l.)-bi*(sigma+l.)**2)/2. 



& 
& 
& 

& 
& 

& 

a5 = 
e2 = 

e3 = 
e4 = 
e5 = 
e6 = 
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+bi*(sigma+1.)**2/2.-gw(1)*(sigma+1.)**2+bi*a4/4. 
+gw(1)*(-bi*a4-2.*(sigma+1»/4.+«bi+l.)*gw(1)-bi)/5.) 
+g1*(-(sigma+1.)**2/3.+(sigma+1.)/2.-1./5.» 
-3.*probt(1)**2*z(1)**2+10.*probt(1)*z(1)-10. 
ste*(probt(1)*z(1»**2/20.*(gw(1)*a5*(bi+2.)*g2*tstar(1) 
+gl(1)*(8.*probt(1)**2*z(1)**2-30.*probt(1)*z(1)+40.) 
-g2*(bi*tstar(1)+2.*g1)*a5) 
lamdal*sb*ste*c(1)**3/(5.*kl*(1.-sb»*(2.*gs(1)+3.) 
1.-(1.-probt(1)*z(1»**3 
lamdal*sb*ste/«1.-sb)*kl)*(1.-(1.-probt(1)*z(1»**3) 
(ste*lamdal*kf*tstar(1)*void)/ 
«1.-void)*(1.-sb)*lamdaf*kl)*(1.+1./sigma)**3 

esen = e1 + e2 + e3 + e5 + e6 
elate = e4 

if ( z(l) .gt. muot(1) ) then 

c END CASE IIIB 

cnthst(ncase(l» = ncount(1) 
tflag = .true. 

c INITIALIZE CASE IIIe 

c 

51 

load temporary array 
do 51 i = 1,3 

temp1(i) = muot(i) 
temp2(i) = z(i) 
temp3(i) = probt(i) 
temp4(i) = gw(i) 
temp5(i) = gl(i) 
temp6(i) = gs(i) 

c determine t2p (time when z = mu/t) 

if(ncount(1).le.2) print *,'NOT ENOUGH TIME STEPS' 
& 'IN IIIb FOR QUADSL .. USING LINSOL' 

if(ncount(1).ge.2)then 
call quadsl (templ,temp2,temp3,t2p(1» 
call quadft (temp3,temp4,t2p(1),gw(1» 
call quadft (temp3,temp5,t2p(1),gl(1» 
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call quadft (temp3.temp6.t2p(1).gs(1» 
call quadft (temp3.temp2.t2p(1).z(1» 

else 
call linsol (templ.temp2.temp3.t2p(1» 
z(l) = linear( probt(1).probt(2). z(l). z(2).t2p(1) ) 
gw(l) = linear( probt(1).probt(2).gw(1).g~(2).t2p(1) ) 
gl(l) = linear( probt(1),probt(2),gl(1),gl(2),t2p(1) ) 
gs(l) = linear( probt(1),probt(2),gs(1),gs(2),t2p(1) ) 

endif 

tel) = tl(l) + t2(1) + t2p(1) 
delt = probt(l) - t2p(1) 

probt(l) = t2p(1) 
gs(l) = (l.dO-gs(l»/(l.dO-mu) 
zdot = (z(1)-z(2»/delt 
t3(1) = probt(l) + «l.-probt(l)*z(l»/(z(l)+probt(l)*zdot» 
x(l) = (1.dO-mu)/(t3(1)-probt(1» 
ncount(1) = 0 
ncase(1) = 6 
goto 5 

else 

c CONTINUE CASE IIIB 

c(l) = 1.dO - probt(l)*z(l) 

endif 
go to 99 

60 continue 

c BEGIN CASE IIIC 

probt(3) = probt(2) 
probt(2) = probt(l) 
g~(3) = g~(2) 
g~(2) = g~(1) 
gl(3) = gl(2) 
gl(2) = gl(1) 
tz(3) = tz(2) 
tz(2) = tz(1) 

z(3) = z(2) 



z(2) = z(l) 

neount(l) = neount(l) + 1 
t(l) = t(l) + de It 
probt(l) = probt(l) + de It 
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call ease3e (probt(l),delt,tstar(l), 
& beta(l),gw(l),gl(l),gs(l),x(l), 
& z(1),t3(1» 

tz(l) = probt(l)*z(l) 
e(l) = 1.dO - tz(l) 
gltz=gl(1)*probt(1)*z(1) 
gl = sb+(l.-sb)*gltz 
g2 = kw*sigma!(kl*(1.dO-sb» 
gsout = gl 
teen = sb*(1.-gs(1)*x(1)*(t3(1)-probt(1») 

e Energy Stored 

a3 = (sigma+i.)**2+2.*(sigma+i.) 
a4 = 2.*(sigma+i.)+1. 
e1 = (-3.*ste*kw*lamdal/«1.-sb)*kl*lamdaw*sigma**3» 

& *(tstar(1)*«gw(1)*(bi*a3+(sigma+l.)**2-l.)-bi*a3)/3. 
& +gw(1)*(2*(sigma+i.)-bi*(sigma+i.)**2)/2. 
& +bi*(sigma+i.)**2/2.-gw(1)*(sigma+l.)**2+bi*a4!4. 
& +gw(1)*(-bi*a4-2.*(sigma+l»/4.+«bi+l.)*gw(1)-bi)!5.) 
& +g1*(-(sigma+1.)**2!3.+(sigma+l.)/2.-l./5.» 

a5 = -3.*probt(1)**2*z(1)**2+i0.*probt(1)*z(1)-10. 
e2 = ste*(probt(1)*z(1»**2/20.*(gw(1)*a5*(bi+2.)*g2*tstar(1) 

& +gl(1)*(8.*probt(1)**2*z(1)**2-30.*probt(1)*z(1)+40.) 
& -g2*(bi*tstar(1)+2.*gl)*a5) 

e3 = -lamdal*sb*ste*e(1)**3/(kl*5.*(1.-sb» 
& *(2.*gs(1)*(t3(1)-probt(1»*x(1)-5.) 

e4 = 1.-(1.-probt(1)*z(1»**3 
e5 = lamdal*sb*ste/«1.-sb)*kl)*(1.-(1.-probt(1)*z(1»**3) 
e6 = (ste*lamdal*kf*tstar(l)*void)/ 

& «1.-void)*(1.-sb)*lamdaf*kl)*(1.+1./sigma)**3 
esen = e1 + e2 + e3 + e5 + e6 
elate = e4 

if ( tz(1) .gt. 1.0dO ) then 
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c END CASE IIIC 

cnthst(ncase(l» = ncount(l) 
tflag = .true. 

c INITIALIZE CASE IVA 

c load temporary arrays 

do 61 i = 1,3 
templ (i) = tz(i) 
temp2(i) = probt(i) 
temp3(i) = gw(i) 
temp4(i) = gl(i) 
temp5(i) = tstar(i) 
temp7(i) = gl(i)*tz(i) 
temp8(i) = z(i) 
temp9(i) = xCi) 

61 temp6(i) = beta(i) 

c interpolation to determine values when tz = 1.0 

if(ncount(1).le.2) print *,'NOT ENOUGH TIME STEPS' 
& 'IN IIIc FOR QUADSL .. THERE IS NO LINSOL FOR THIS CASE' 

call quadft(templ,temp2,l.0dO,t3(1» 
call quadft(templ,temp3,l.0dO,gw(1» 
call quadft(templ,temp4,l.0dO,gl(1» 
call quadft(templ,temp5,l.0dO,tstaro) 
call quadft(templ,temp6,l.0dO,betao) 
call quadft(templ,temp8,l.0dO,z(1» 
call quadft(templ,temp9,1.0dO,x(1» 

t(l) = tl(l) + t2(1) + t3(1) 
delt = probt(l) - t3(1) 
glO = gl(l) 
g40 = bi-(2.dO+bi)*gw(1) 
gl = sb+(l.dO-sb)*gl(l) 
g2 = kw*sigma/(kl*(l.dO-sb» 

c quadratic interpolation to determine gldot and gwdot 
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call quadif (temp2,temp3,t3(1),g~dot) 
call quadif (temp2,temp7,t3(1),gldot) 

g5 =6.dO*lamdal*gl*g2+g2*«3.dO*lamdal+betao) 
& *g40- (2.dO+bi)*g~dot)*tstaro + 
& (3.dO + 2.dO*g2*(1.dO-sb»*gldot 

g = -2.*gl(1)-g2*(2.*gl+g40*tstaro) 

dl(l) = (-«g~(1)*(15*bi+30)*g2*lamdal-15*bi*g2*lamdal+(bi+2)*g2*g 
1 ~dot+betao*(g~(1)*(bi+2)*g2-bi*g2»*tstaro+gldot*(g2*(2*sb-2)-5 

2 )+gl(1)*g2*lamdal*(30*sb-30)-30*g2*lamdal*sb)/g)**(1.0!4.0) 

do 65 i = 2,3 
g~(i) = g~(l) 
gl (i) = gl(l) 
dl(i) = dl(!) 

65 continue 
if (node.eq.n+l) then 

fnmelt = t~orld - delt 
endif 

probt(1) = o. 
ncase(i) = 7 
ncount(l) = 0 
gsout=gl 
delta(i) = 1.dO - dl(1)*(4.dO*probt(1»**(1.!4.) 
goto 5 

endif 

c CONTINUE CASE IIIC 

go to 99 

70 continue 

c BEGIN CASE IVA 

probt(3) = probt(2) 
probt(2) = probt(l) 
g~(3) = g~(2) 
g~ (2) = gy ( 1) 



gl(3) = gl(2) 
gl(2) = gl(l) 
dl(3) = dl(2) 
dl(2) = dl(l) 
delta(3) = delta(2) 
delta(2) = delta(l) 

t(l) = t(l) + delt 
probt(l) = probt(l) + de It 
ncount(l) = ncount(l) + 1 
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call case4a (probt(l),delt,tstar(l), 
k beta(1),g~(1),gl(1),dI(1),g40, 

k glO,tstaro,tcen,g) 

gl = sb +(l.dO-sb)*gl(l) 
g4 = bi-(2.dO+bi)*g~(1) 
g2 = k~*sigma/(kl*(l.dO-sb» 
gsout=gl 

c Energy Stored 

a3 = (sigma+l.)**2+2.*(sigma+l.) 
a4 = 2.*(sigma+l.)+1. 
el = (-3.*ste*k~*lamdal/«1.-sb)*kl*lamda~*sigma**3» 

k *(tstar(1)*«g~(1)*(bi*a3+(sigma+l.)**2-1.)-bi*a3)/3. 

& +g~(1)*(2*(sigma+l.)-bi*(sigma+l.)**2)/2. 

& +bi*(sigma+l.)**2/2.-g~(1)*(sigma+l.)**2+bi*a4/4. 

& +g~(1)*(-bi*a4-2.*(sigma+l»/4.+«bi+l.)*g~(1)-bi)/5.) 

& +gl*(-(sigma+l.)**2/3.+(sigma+l.)/2.-l./5.» 
e2 = ste/20.*(4.*g2*g4*tstar(1)+20.*gl(1)+8.*gl*g2+g 

& -g*(delta(1)-1.)**4) 
e3 = O. 
e4 = 1. 
e5 = lamdal*sb*ste/«l.-sb)*kl) 
e6 = (ste*lamdal*kf*tstar(l)*void)/ 

k «1.-void)*(1.-sb)*lamdaf*kl)*(1.+l./sigma)**3 
esen = el + e2 + e3 + e5 + e6 
elate = e4 
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if (delta(l) .It. O.dO ) then 

c END CASE IVA 

cnthst(ncase(l» = ncount(l) 
tflag = .true. 

c INITIALIZE CASE IVB 

c 

71 

load temporary arrays 
do 71 i = 1,3 

temp1(i) = delta(i) 
temp2(i) = probt(i) 
temp3(i) = gw(i) 
temp4(i) = gl(i) 

c interpolation to find values when delta = 0.000 

if(ncount(1).le.2) print *,'NOT ENOUGH TIME STEPS' 
& 'IN IVA FOR QUADSL .. USING LINSOL' 

if (ncount(1).ge.2)then 
call quadft (temp1,temp2,O.OdO,t3s(1» 
call quadft (temp1,temp3,O.OdO,gw(1» 
call quadft (temp1,temp4,O.OdO,gl(1» 

else 
t3s(1)=linear(delta(1),delta(2),probt(1),probt(2),1.) 
gw (1)=linear(delta(1),delta(2), gw(l), gw(2),l.) 
gl (1)=linear(delta(1),delta(2), gl(l), gl(2),1.) 

endif 
de It = probt(l) - t3s(1) 
probt(1) = t3s(1) 
t(1)=t1(1)+t2(1)+t3(l)+t3s(1) 
ncase(1) = 8 
ncount(l) = 0 
goto 5 

else 

c CONTINUE CASE IVA 



c 
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c(l) = zero 

endif 
go to 99 

continue 

BEGIN CASE IVB 

t(l) = t(l) + delt 
probt(l) = probt(l) + delt 
ncount(l) = ncount(l) + 1 
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call case4b(probt(1),delt,tstar(1), 
t beta(l),gw(l),gl(l) ,teen) 

gl = sb +(l.dO-sb)*gl(l) 
g4 = bi-(2.dO+bi)*gw(1) 
g2 = kw*sigma/(kl*(l.dO-sb» 
gsout = gl 

c Energy Stored 

t 
t 
t 
t 
t 

t 

t 

a3 
a4 
e1 

e2 

e3 
e4 
e5 

= (sigma+l.)**2+2.*(sigma+l.) 
= 2.*(sigma+l.)+1. 
= (-3.*ste*kw*lamdal/«1.-sb)*kl*lamdaw*sigma**3» 

*(tstar(1)*«gw(1)*(bi*a3+(sigma+l.)**2-1.)-bi*a3)/3. 
+gw(1)*(2*(sigma+l.)-bi*(sigma+1.)**2)/2. 
+bi*(sigma+l.)**2/2.-gw(1)*(sigma+l.)**2+bi*a4/4. 
+gw(1)*(-bi*a4-2.*(sigma+l»/4.+«bi+l.)*gw(1)-bi)/5.) 
+gl*(-(sigma+l.)**2/3.+(sigma+l.)/2.-1./5.» 

= -ste/5.*(g2*tstar(1)*(bi*(gw(1)-1.)+2.*gw(1» 
+gl(1)*(2.*g2*(sb-l.)-5.)-2.*g2*sb) 

= o. 
= 1. 
= lamdal*sb*ste/«l.-sb)*kl) 

e6 = (ste*lamdal*kf*tstar(l)*void)/ 
«1.-void)*(1.-sb)*lamdaf*kl)*(1.+1./sigma)**3 

esen = el + e2 + e3 + e5 + e6 
elate = e4 

c CONTINUE CASE IVB 
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99 continue 

delt = delto 

c Calculate new tstar and beta for this node 
c and compare to previous nodal iteration 

c 

if ( node .ne.l) then 

if(convf) then 

update fluid channel temperature and beta 

tstar(3) 
tstar(2) 
beta(3) 
beta(2) 

endif 

= tstar(2) 
= tstarO) 
= beta(2) 
= beta(1) 

f2 = (2.*Bi*kw*(sigma+l.)*lamdaf*delt*3.*(1.-void»/ 
t (2.*kf*void)*(1./(1.+1./sigma»**(2.) 

if (node.eq.(n+1»then 
fl = (u*delt)/(deltz*.5) 

else 
fl = (u*delt)/deltz 

end if 

cf = 1. + il + f2*(1. - g~(1» 

tstar(l) = (tstar(2) + fl*tspn)/cf 

tstdot = (tstar(l) - tstar(2»/delt 
if (tstar(l) .eq. O.dO ) then 

ncase(1) = 9 
probt(i) = O.OdO 
delta(i) = O.OdO 
gTJ(i) = O. OdO 
d(i) = sigma*dsqrt(3.dO*lamdaw) 

else 
beta(l) = tstdot/tstar(l) 
if (ncase(1).eq.9) ncase(1)=1 



c 

c 

c 

c 

endif 
endif 
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dif = dabs(tstar(l) - tchan) 

if(dif.lt.ftol)then 

if (node.eq.l) then 

update fluid channel temperature and beta 

endif 

tstar(3) = tstar(2) 
tstar(2) = tstar(l) 
beta(3) = beta(2) 
beta(2) = beta(l) 

System Energy 

if(node.eq.l.or.node.eq.n+l)then 
esysls = esen/2. + elate/2. 
esysl = elate/2. 

else 
esysls = esen + elate 
esysl = elate 

end if 
esys = esyspn + esysls 

Store information or use in next node 

Write 

2900 

fluout(l,kountw) = tworld 
fluout(2,kountw) = tstar(l) 
fluout(3,kountw) = esys 

output to a file 

if (nworld.eq.pcl)then 
if (pflag) then 

format(lx,10e12.5) 
if(node.eq.2)write(31,2900)tworld,tstar(1), 

gw(l)*tstar(l),c(l),gsout,tcen, 
(fluout(3,kountw)/n) 

if(node.eq.n+l)then 



&: 
&: 

endif 
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write(32,2900)tworld,tstar(1), 
gw(l)*tstar(l),c(l),gsout,tcen, 
(fluout(3,kountw)/n),esys/(n*etot)*100. 
noutlin = noutlin + 1 

endif 

nworld = 0.0 
endif 

1006 continue 

c Determine time step size for next case 

if ( tflag ) then 
call tstep(node,ncase(l),delto) 
tflag = .false. 

endif 

c Set parameters for next time step 

convf = .true. 
ncase(2) = ncase(l) 
ncount(2) = ncount(l) 
delt = delto 
t(2) = t(1) 
t1(2) = t1(l) 
t1s(2) = tls(1) 
t2(2) = t2(1) 
t2s(2) = t2s(1) 
t3(2) = t3(1) 
t3s(2) = t3s(1) 
x(2) = x(1) 
t2p(2) = t2p(1) 
do 1005 i = 1,3 

gw(i+3) = gw(i) 
delta(i+3) = delta(i) 
probt(i+3) = probt(i) 
ds(i+3) = ds(i) 
tmelt(i+3) = tmelt(i) 
z(i +3) = z(i) 
c(i+3) = c{i) 
gs(i+3) = gs(i) 



muot(i+3) = muot(i) 
dl(i+3) = dl(i) 
tz(i+3) = tz(i) 
d(i+3) = d(i) 

1005 gl(i+3) = gl(i) 
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if(tYorld.lt.time(ndata-1»then 
goto 2 

endif 

c Check for end of problem: 99.9% of stored energy 

c 

if «esen+elate).lt .. 999*etot)then 
goto 2 

else 

END CASE IVB 

cnthst(ncase(1» = ncount(l) 
go to 1000 

endif 

else 
itervd = iteryd + 1 

c Check for too many fluid equation iterations 

if (iteryd.gt.200) then 
print * ,'Number of channel iterations exceeds 200' 
print*,'ncase =',ncase(l) 
print *,'tworld =',tworld 
print *,'tstar(l) =' ,tstar(l) 
print*,' sl count',cnthst(1) 
print*,'s2a count',cnthst(2) 
print*,'s2b count',cnthst(3) 
print*,'s3a count',cnthst(4) 
print*,'s3b count',cnthst(5) 
print*,'s3c count' ,cnthst(6) 
print*,'s4a count',cnthst(7) 
print*,'s4b count',cnthst(8) 
print *,'***** Program Stopped ******' 
call exit 

endif 
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c Set parameters for another iteration 

1010 

convf = .false. 
tchan = tstar(l) 
t(l) = t(2) 
ncase(l)= ncase(2) 
ti(l)= t1(2) 
tls(1)= tls(2) 
t2(1)= t2(2) 
t2s(1)= t2s(2) 
t3(1)= t3(2) 
t3s(1)= t3s(2) 
x(1)= x(2) 

t2p(1)= t2p(2) 
ncount(l)= ncount(2) 
do 1010 i = 1,3 

gw(i) = gw(i+3) 
delta(i) = delta(i+3) 
probt(i) = probt(i+3) 
ds(i) = ds(i+3) 
tmelt(i) = tmelt(i+3) 
z(i) = z(i+3) 
c(i) = c(i+3) 
gs(i) = gs(i+3) 
muot(i) = muot(i+3) 
dl(i) = dl(i+3) 
tz(i) = tz(i+3) 
d(i) = d(i+3) 
gl(i) = gl(i+3) 

tflag = .false. 
goto 4 

endif 
1000 continue 

fluout(2,kounty) = tin(ndata) 
if (node.eq.l)then 

fluout(3,kountY) = etot/2. 
else if (node.eq.n+l)then 

fluout(3,kountY) = n*etot 
else 

fluout(3,kountw) = etot/2. + (node-l)*etot 



endif 

do 1003 i = 1,kounty 
fluin(l,i) = fluout(l,i) 
fluin(2,i) = fluout(2,i) 
fluin(3,i) = fluout(3,i) 

1003 continue 
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c Store information for use in next node 

fluin(l,kountw+l) = 0.0 
fluin(2,kountw+l) = 0.0 
fluin(3,kountw+l) = 0.0 

c Output to the screen 

print *,' Case counts and delt-t' 
yrite (6,2000)(cnthst(i),deltt(i),i=1,8) 
print*,'Number of stored fluin values =',kounty 

2000 format (2x,i4,2x,fl0.7) 
1001 continue 

c Create output file 'ofile' with number of columns, data values, 
c and the time melting ended 

rewind (32) 
Yrite(36,3600) O.,O.,O.,fnmelt,etot,stmelt,noutlin+l 

3600 format(3e12.5,3(lx,f12.5),i5) 
do 3700 i = l,noutlin 

read(32,2900) tyorld,tstar(l),duml,c(l),gsout,tcen,dum2,dum3 
yrite(36,3650)tworld,tstar(1),dum3 

3650 format(lx,3e12.5) 
3700 continue 

c Output to the screen 

print*,' , 
print*,' , 
print*,'Started melting ~ a non-dim time of ',stmelt 
print*,'Finished melting ~ a non-dim time of ',fnmelt 
print*,' , 
print *,' All done' 



c Stop the program 

call exit 
end 
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13.2 Subroutine Case 1 

c cl.for 

c Subroutine CASEl calculates the thermal penetration depth for 
c the wall pre-heat case. 

c Variables not defined in the Main Program 

c 
c 

c 
c 
c 
c 

alpha => under-relaxation parameter 
dold => d of last time step 
dnew => most recent value of d 
d => value of d from previous iteration 
eps => difference which determines convergence 
sigmapl => sigma + 1. 

subroutine casel(t,delt,beta,d,delta) 

double precision bi,kw,kl,lamdal,lamdaw,mu,sb,sigma,ste 
double precision beta,d,delt,delta,dnew,dold,sigmapl 
double precision alpha,eps,tworld 

common bi,kw,kl,lamdal,lamdaw,mu,sb,sigma,ste 
common/debug/node,ncase,tworld,ncount 

c Define constants 

alpha = 0.9 
sigmap1 = sigma+1. 
iter = 0 
dold = d 
dnew = d 

c Iteration loop to determine dnew 

10 continue 

iter = iter + 1 
dnew = (2*dold*t-delt*(bi*d*sqrt(2*t)+2)*(-5*beta*d**3*sigma 

1 p1*sqrt(2*t**3)+2*beta*d**4*t**2+10*beta*d**2*sigmapl**2* 
2 t-30*lamdaw*sigmap1**4+60*lamdaw*sigmap1**3-30*lamdaw*sigmap1** 



237 

3 2)/(d*(3*bi*d**3*sqrt(2*t**3)+5*bi*d*sigmap1**2*sqrt(2 
4 *t)-15*d*sigmap1*sqrt(2*t)-10*bi*d**2*sigmap1*t+8*d**2 
5 *t+20*sigmapl**2»)/(2*t+delt) 

c Under-relaxation 

dnew = alpha*dnew + (l.-alpha)*d 

c Iteration limit check 

if (iter.gt.500) then 
print *,' Maximum iterations exceeded in case l' 
call exit 

endif 

eps = dabs(dnew-d) 
d=dnew 

c Convergence test 

if(eps.gt.1.0d-7) go to 10 

c Calculate delta using the updated value of d 

delta=d*sqrt(2.0*t) 
return 
end 
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13.3 Subroutine Case 2a 

c s2a.for 

c Integral method solution to coupled wall and solid PCM 
c conduction problem with time dependent convection boundary 
c conditions on outside surface of wall 
c 
c Input parameters: 
c 
c 
c 
c 

c 
c 

t 

beta 
gw 
ds 

time 
convective boundary parameter 
dimensionless wall temperature 
modified thermal penetration depth 

c Output parameters: 
c 
c 
c 

delta - thermal penetration depth 
tinter - temperature at wall/solid PCM interface 

c -- Variable not defined in the Main Program 

c alpha 
c deldot 
c deltao 
c ds 
c dsnew 
c dsold 

=> under-relaxation parameter 
=> derivative of delta with respect to time 
=> value of delta from previous time step 
=> ds from previous time step 
=> most recent value of ds 
=> ds from previous iteration 

c epsds => difference used for convergence test 
c epsgw => 
c f1 => convenience paramter 
c f2 => 
c gw => gw from previous time step 
c gwnew => most recent value of gw 
c gwold => value of gw from previous iteration 
c gwnewm1 => gw - 1. 
c sigmapl => convenience parameters 
c sqrt2t => 
c sqt2 => 
c sqt2t3 => 
c sqt2t5 => 
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c sqtt => 
c v's => 

subroutine case2a (t,delt,beta,gv,ds,delta) 

double precision kV,kl,lamdal,lamdav,mu 
double precision t,beta,gv,ds,delta"tintvs 
double precision bi,delt,sb,sigma,ste 
double precision alpha,sigmapl,sqrt2t,dsold,gvold 
double precision gvnev,gvnevml,gvdot,deldot 
double precision dsnev,epsgv,epsds,sqt2t5,sqt2t3 
double precision tvorld,deltao,fl,f2,sqt2,sqtt 
double precision vl,v2,v3,v4,v5,v6,v7,v8,v9,vl0,vl1 

integer*4 node,ncase(2),ncount(2) 

common bi,kv,kl,lamdal,lamdav,mu,sb,sigma,ste 
common/debug/node,ncase,tvorld,ncount 

c Define constants 

alpha = 0 AdO 
sigmapl = sigma + 1. 
sqrt2t = dsqrt(2.dO*t) 
sqt2t5 = dsqrt(2.*t**5) 
sqt2t3 = dsqrt(2.*t**3) 
sqt2 = dsqrt(2.dO) 
sqtt = dsqrt(t) 
vl = (30*bi+l00)*sigma**3+(25*bi+li0)*sigma**2+(7*bi+38)*sigma 
v2 = (20*bi+60)*sigma**4+(15*bi+60)*sigma**3+(4*bi+20)*sigma**2 
v3 = (10*bi+40)*sigma**2+(10*bi+50)*sigma+3*bi+18 
v4 = -30*bi*sigma**3-25*bi*sigma**2-7*bi*sigma 
v5 = 60*bi*delt*sigma**6+120*bi*delt*sigma**5+60*bi*delt*sigma**4 
v6 = (180*bi*delt+120*delt)*sigma**5+240*bi*delt*sigma**4+120*bi*d 

1 tau*sigma**3 
v7 = (120*bi*delt+120*delt)*sigma**4+120*bi*delt*sigma**3+60*bi*dt 

1 au*sigma**2 
v8 = -20*bi*delt*sigma**4-i5*bi*delt*sigma**3-4*bi*delt*sigma**2 
v9 = (10*bi*delt+20*delt)*sigma**3+(5*bi*delt+i0*delt)*sigma**2+(b 

1 i*delt+2*selt)*sigma 
vi0 = beta*(-10*bi*delt*sigma**2-i0*bi*delt*sigma-3*bi*delt) 
vi1 = -10*bi*delt*sigma**3-5*bi*delt*sigma**2-bi*delt*sigma 
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iter = 0 

c Loop for solving coupled equations 

20 

deltao = delta 
dsne~ = ds 
gwne~ = g~ 
dsold = ds 
g~old = g~ 

iter = iter + 1 

delta = dsne~*dsqrt(2.*t) 
deldot = (delta-deltao)/delt 
gwnewm1 = g~ne~-1. 

g~ne~ = -(deldot*k~*(gwne~*~9+~11)+beta*(delta**2*k~**2*~8+delt*(d 
1 elta*k~*(~4+gwne~*~1)+gwne~*~3+delta**2*g~ne~*k~**2*~2»+lamda~ 

2 *(g~e~*~7-~7+delta*k~*(g~ne~*~6-~6)+delta**2*k~**2*(g~ne~*~5-~ 

3 5)+delt*(120*delta*k~*sigma**5+120*sigma**4»-g~*~3-delta**2*g~ 

4 *kw**2*w2+w10-delta*gw*kw*w1)/(w3+delta**2*k~**2*~2+delta*k~*~1 
5 ) 

g~dot = (gwne~-gw)/delt 

f1 = kw*sigma*(4*dsne~**5*sqt2t5+20*dsne~**3*sqt2t3-20 
1 *dsne~**4*t**2)-10*dsne~**3*sqt2t3+4*dsne~**4*t**2+20*dsn 

2 e~**2*t 

f2 = k~*sigma*(6*dsneY**3*sqt2t3+10*dsney*sqrt2t-20*dsney 
1 **2*t)-15*dsnew*sqrt2t+8*dsne~**2*t+20 

dsne~ = delt*(-(gwne~*(bi*(-60*dsne~*kw*sigma*sqrt2t-60)-120*ds 
1 new*kw*sigma*sqrt2t-120)+bi*(60*dsnew*k~*sigma*sqrt2t+60) 

2 +beta*«bi*f1+2*f1)*gwnew-bi*f1)+(bi*fl+2*f1)*g~dot)/(dsne~*«b 

3 i*f2+2*f2)*gwne~-bi*f2»+2*ds*t/delt-dsne~)/t/2.0 

c Under-relaxation 

gwne~= alpha*g~ew+(1.-alpha)*gwold 

dsne~ = alpha*dsne~ + (1.-alpha)*dsold 
delta = dsne~*dsqrt(2.dO*t) 



c 
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epsgw = dabs (gwold-gwnew) 
epsds = dabs (dsold-dsnew) 
dsold = dsnew 
gwold = gwnew 

Iteration limit check 

if ( iter .gt. 1500 ) then 
print *,' Max. iterations exceeded in case 2a' 
print*.' Node =' ,node 
print*.' ncase=' .ncase 
print*.' tworld='.tworld 
print*.' ncount=',ncount 
print*.' dsnew =' .dsnew 
print*.' ds ='.ds 
print*.' gwnew ='.gwnew 
print*,' gw ='.gw 
print*.' epsgw =',epsgw 
print*,' epsds =',epsds 
call exit 

endif 

c Convergence test 

if (epsgw.gt.1.d-6 .or. epsds.gt.1.d-6) go to 20 

c Calculate delta using the updated value of ds 

ds = dsnew 
gw = gwnew 
delta = ds*dsqrt(2.dO*t) 

c Calculate solid temperature at wall/PCM interface 

tintws = gw-bi*(1.dO-gw)+(bi*(1.dO+.5dO*kw*sigma*delta)* 
1 (l.dO-gw)-gw)/(l.dO+kw*sigma*delta) 
return 
end 
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13.4 Subroutine Case 2b 

c s2b.for 

subroutine case2b(tau,dtau,beta,gw,gs) 

c This subroutine calculates temperature profiles for case iib. 
c Case iib is sensible heating of wall and solid pcm material. It is 
c a premelt situation with heat penetration having already reached 
c the center of the sphere. 
c The solution ends when melting begins > the temp at the wall-
c solid interface reaches the melting temp of the pcm. 
c 

c -- Variable not defined in the Main Program 

c 
c 
c 
c 
c 
c 
c 
c 
c 
c 

alpha => under-relaxation parameter 
dtau => time step 
gs => value of gs from previous time step 
gsnew => most recent value of gs 
gsold => gs from previous iteration 
gw => gw from previous time step 
gwnew => most recent value of gw 
gwold => value of gw from previous iteration 
sigmapl => convenience parameters 
tau => time 

double precision gw,gwnew,gwdot,gsdot 
double precision gwold,gs,gsnew,gsold,alpha 
double precision bi,kw,kl,lamdal,lamdaw,mu,sb,sigma,ste 
double precision tau,dtau,tol,beta,tstar,sigmapl 

common bi,kw,kl,lamdal,lamdaw,mu,sb,sigma,ste 

c Define constants 

sigmapl = sigma + 1. 
gsnew = gs 
gwnew = gw 
alpha = O.9dO 
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iter = 0 

c Iteration loop to find gamma solid and gamma wall 

50 continue 

gsold = gsnew 
gwold = gwnew 

iter = iter + 1 

gsdot = (gsnew-gs)/dtau 
gwnew = -(dtau*(gsnew*(-120*lamdaw*sigmapl**4+480*lamdaw*sigmapl** 

1 3+(20*beta-720*lamdaw)*sigmapl**2+(480*lamdaw-30*beta)*sigmapl-
2 120*lamdaw+12*beta)-120*bi*lamdaw*sigmapl**4+360*bi*lamdaw*sigm 
3 apl**3+(-420*bi*lamdaw-l0*beta*bi) *sigmapl**2+ (240*bi*lam daw+l0 
4 *beta*bi)*sigmapl-60*bi*lamdaw-3*beta*bi)+gw*«-10*bi-40)*sigma 
5 pl**2+(10*bi+30) *sigmapl-3*bi-8)+dtau*gsdot* (20*sigmapl* *2-30*s 
6 igmapl+12»/(dtau*«120*bi+120)*lamdaw*sigmapl**4+(-360*bi-480) 
7 *lamdaw*sigmapl**3+«420*bi+720)*lamdaw+beta*(10*bi+40»*sigmap 
8 1**2+«-240*bi-480)*lamdaw+beta*(-10*bi-30»*sigmapl+(60*bi+120 
9 )*lamdaw+beta*(3*bi+8»+(10*bi+40)*sigmapl**2+(-10*bi-30)*sigma 

pl+3*bi+8) 
gwdot = (gwnew-gw)/dtau 
gsnew = ««beta+15)*bi+2*beta+30)*dtau*gwnew+(bi+2)*dtau*gwdot+2* 

1 gs+(-beta-15)*bi*dtau)*kw*sigma+5*gs)/«(2*beta+30)*dtau+2)*kw* 
2 sigma+5*beta*dtau+5) 

c Under-relaxation 

gwnew = alpha*gwnew + (l.dO - alpha)*gwold 
gsnew = alpha*gsnew + (l.dO - alpha)*gsold 

c Iteration limit check 

if(iter.gt.l00)then 
print*,' , 
print*,' , 
print*,' 
print*,' , 
print*,' 
print*,' 

nonconverg. after 100 iter in case 2b' 

gwtest =',gwnew - gwold 
gstest =' ,gsnew - gsold 



print*,' , 
endif 

c Convergence test 
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if(dabs(gwnew - gwold).gt.l.0d-5)goto 50 
if(dabs(gsnew - gsold).gt.l.0d-5)goto 50 

gs = gsnew 
gw = gwnew 

return 
end 
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13.5 Subroutine Case 3a 

c c3a.for 

c This subroutine calculates temp profiles for the case of 
c melting with a thermal penetration falling short of the 
c symmetry boundary. 
c Solution ends when thermal penatration reaches this bound, 
c when delta s = 1 - z*tau. 

c -- Variable not defined in the Main Program --

c a's 
c alpha 
c b's 
c bip2 

=> convenience parameters 
=> under-relaxation parameter 
=> convenience parameters 
=> Bi + 2. 

c delta => the value of delta from previous time step 
c deltanew=> the most recent value of delta 
c deltaold=> value of delta from previous iteration 
c deldot => derivative of delta with respect to time 
c deltao => value of delta from previous time step 
c gldot => time derivative of g1 
c gl => value of gl from previous time step 
c glnew => most recent value of gl 
c glold => value of gl from previous iteration 
c gw => gw from previous time step 
c gwnew => most recent value of gw 
c gwold => value of gw from previous iteration 
c gwm1 => gw - 1. 
c l's => convenience parameters 
c sigmap1 => 
c tau => time 
c tzdotpz => convenience parameters 
c w's 
c z's 
c z 
c znew 
c zold 
c zt's 

=> 
=> 
=> value of z from previous time step 
=> most recent value of z 
=> value of z from previous iteration 
=> convenience parameters 

subroutine case3a(tau,delt,tstar,beta,gw,gl,delta,z) 
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double prec1s10n g~,delta,gl,z,g2,g~ne~,deltane~, 
1 glne~,znew,g~old,deltaold,glold,zold,g~dot,gldot, 

2 zdot,zt,gl,gldot,zl,z2,z3,sigma,gv.ml,g4, 
3 glout,tol,lamda~,kl,ky,lamdal,delt,tau,bi,beta, 

4 sb,tstar,ste,alpha,mu,bip2,tzdotpz,sigmapl,ztl03,zt62,zt3, 
5 ~1,w2,w3,ll,12,13,al,a2,a3,a4,a5,bl,b2,b3,b4,b5,b6 

common bi,k~,kl,lamdal,lamdaw,mu,sb,sigma,ste 

c Define constants 

tol = 1.0d-5 
alpha = .7dO 
bip2 = bi + 2. 
g2 = (kw*sigma)/(kl*(l. - sb» 
sigmapl = sigma + 1 
al= 2*sigmapl**4-6*sigmap1**3+7*sigmap1**2-4*sigmap1+1 
a2=10*sigmap1**2-10*sigmap1+3 
a3=2*sigmap1**4-8*sigmapl**3+12*sigmapl**2-8*sigmap1+2 
a4=20*sigmap1**2-30*sigmapl+12 
a5=40*sigmap1**2-30*sigmapl+8 

iter = 0 
gwne~ = g~ 
deltanew = delta 
glne~ = gl 
znew = z 

c Iteration loop to determine gw,gl,delta,z 

10 continue 

iter = iter + 1 
if (iter .gt. 3000) then 

print *,' maximum iteration reached in case3a' 
print *, iter 
call exit 

endif 
g~old = gwnew 
deltaold = deltane~ 
glold = glnew 



zold = znew 
gWdot = (gwnew - gw)/delt 
gldot = (glnew - gl)/delt 
zdot = (znew - z)/delt 

zt = znew*tau 
tzdotpz = tau*zdot + z 
zt3 =3*zt-3 
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zt62 =6*zt**2-12*zt+6 
ztl03=10*zt**3-30*zt**2+30*zt-l0 
bl = 2*zt**5-9*zt**4+15*zt**3-10*zt**2 
b2 = 5*zt**3-16*zt**2+18*zt-12 
b3 = 5*zt**5-24*zt**4+45*zt**3-40*zt**2 
b4 = 9*zt**3-28*zt**2+30*zt-12 
b5 = 10*zt**4-36*zt**3+45*zt**2-20*zt 
b6 = 25*zt**4-96*zt**3+135*zt**2-80*zt 

g4 = bi-(2+bi)*gwnew 
gl = sb + (1. - sb)*zt*glnew 
gldot = (1.- sb)*(znew*glnew + tau*(zdot*glnew+znew*gldot» 
gwml = gwnew - 1. 

w1 = (a5+a2*bi)*tstar 
w2 = beta*wl+60.*lamdaw*(al*bi+a3)*tstar 
w3 = a4*gldot-tstar*(a2*beta+60.*lamdaw*al)*bi 

& -60.*lamdaw*a3*gl 
gwnew = (gw*wl - delt*w3)/(wl+delt*w2) 

11 = b3+2.*g2*bl*(1.-sb)*zt 
12 = tzdotpz*(b6+2.*g2*(1.-sb)*(b5*zt+b1» 

& +10.*lamdal*(b4+2.*g2*(1.-sb)*b2*zt) 
13 = -g2*(tstar*bl*(beta*bip2*gwml+bip2*gwdot+2.*beta) 

& +(tzdotpz*b5+l0.*lamdal*b2)*«bip2*gwml+2.)*tstar-2.*sb» 

glnew = (gl*ll - delt*13)/(11+delt*12) 

deltanew = -(deltanew**2*«30*delt*tzdotpz-15*delta)*zt62-40*delt* 
1 zt3)+deltanew*«18*delt*tzdotpz-6*delta)*ztl03-30*delt*zt62)+de 
2 Itanew**3*«30*delt*tzdotpz-18*delta)*zt3-30*delt)-36*delt*ztl0 
3 3+deltanew**4*(18*delt*tzdotpz-12*delta»/(15*deltanew**2*zt62+ 
4 18*deltanew**3*zt3+6*deltanew*ztl03+12*deltanew**4) 
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zl = 2.*glneW' 
z2 = (2.*sb)/(kl*(1. - sb)*deltaneW') 
z3 = g2*(2.*gl + g4*tstar) 

zneW' = (lamdal*ste*(zl-z2+z3)*delt+tau*z)/(tau+delt) 

c Under-relaxation 

gW'neW' = alpha*gW'neW' + (1. - alpha)*gwold 
glneW' = alpha*glneW' + (1. - alpha)*glold 
deltaneW' = alpha*deltaneW' + (1. - alpha)*deltaold 
zneW' = alpha*zneW' + (1. - alpha)*zold 

c Convergence test 

if(dabs(gwneW' - gW'old).gt.tol)goto 10 
if(dabs(glneW' - glold).gt.tol)goto 10 
if(dabs(deltaneW' - deltaold).gt.tol)goto 10 
if(dabs(zneW' - zold).gt.tol)goto 10 

gW' = gW'neW' 
gl = glneW' 
delta = deltaneW' 
z = zneW' 

1000 return 
end 
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13.6 Subroutine Case 3b 

c c3b.for 

c This subroutine calculates temp profiles for the case of 
c melting with a thermal penetration reaching the symmetry 
c boundary. 
c Solution ends when (1 - mue) solid PCM is remains 

c -- Variable not defined in the Main Program --

c a's 
c alpha 
c b's 
c bip2 
c cdot 
c delta 
cd's 
c gldot 
c gl 
c glnew­
c glold 
c gs 
c gsnew­
c gsold 
c gw-
c gmew­
c gw-old 
c gYm1 
c l's 

=> convenience parameters 
=> under-relaxation parameter 
=> convenience parameters 
=> Bi + 2. 
=> derivative of C w-ith respect to time 
=> the value of delta from previous time step 
=> convenience parameters 
=> time derivative of gl 
=> value of gl from previous time step 
=> most recent value of gl 
=> value of gl from previous iteration 
=> value of gs from previous time step 
=> most recent value of gs 
=> value of gs from previous iteration 
=> gw from previous time step 
=> most recent value of gw 
=> value of gw from previous iteration 
=> gw - 1. 
=> convenience parameters 

c sigmap1 => 
c tau => time 
c tzdotpz => convenience parameters 
c w's 
c z's 
c z 
c znew­
c zold 
c zt's 

=> 
=) 

=> value of z from previous time step 
=) most recent value of z 
=) value of z from previous iteration 
=> convenience parameters 

subroutine case3b(tau,delt,tstar,beta,gw-,gl,gs,z) 
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double precision tau,g~,gl,gs,z,kl,k~,lamdal,lamda~, 
1 mue,delt,bi,beta,sigma,sb,tstar,ste,gl,g2,g3,g4,gwml, 
2 alpha,gwnew,g~old,glnew,glold,tzdotpz,bip2, 

3 gsnew,gsold,znew,zold,gwdot,gldot,zdot,zt,gldot,c, 
4 cdot,dl,d2,d3a,d3b,d3c,d3,sigmapl, 
5 ~1,w2,w3,11,12,13,al,a2,a3,a4,a5,bl,b2,b3,b4,b5,b6 

common bi,kw,kl,lamdal,lamdaw,mue,sb,sigma,ste 

c Define constants 

alpha = .50 
sigmapl = sigma+l. 
al=2.*sigmapl**4-6.*sigmapl**3+7.*sigmapl**2-4.*sigmapl+l. 
a2=10.*sigmapl**2-10.*sigmapl+3. 
a3=2.*sigmapl**4-8.*sigmapl**3+12.*sigmapl**2-8.*sigmapl+2. 
a4=20.*sigmapl**2-30.*sigmapl+12. 
a5=40.*sigmapl**2-30.*sigmapl+8. 
bip2 = bi + 2. 
g2 = (k~*sigma)/(kl*(l.dO - sb» 

iter = 0 

gwnew 
glnew 
gsnew 
znew = 

= 
= 
= 

z 

gw 
gl 
gs 

c Iteration loop to determine gw,gl,gs,z 

10 continue 

iter = iter + 1 

gwold = gwnew 
gsold = gsnew 
glold = glnew 
zold = znew 

gWdot = (gwnew gw)/delt 
gldot = (glnew - gl)/delt 
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zdot = (znew - z)/de1t 
zt = tau*znew 
bl=2.*zt**5-9.*zt**4+i5.*zt**3-10.*zt**2 
b2=5.*zt**3-16.*zt**2+18.*zt-12. 
b3=5.*zt**5-24.*zt**4+45.*zt**3-40.*zt**2 
b4=9.*zt**3-28.*zt**2+30.*zt-12. 
b5=10.*zt**4-36.*zt**3+45.*zt**2-20.*zt 
b6=25.*zt**4-96.*zt**3+135.*zt**2-80.*zt 
tzdotpz=tau*zdot+znew 
gl = sb + (l.dO - sb)*zt*glnew 
gldot = (l.dO- sb)*(znew*glnew + tau*(zdot*glnew + 

& znew*gldot» 
g3 = zt*(znew + tau*zdot) 
g4 = bi - (2.dO + bi)*gwnew 
gwml = gwnew-l. 

wl = (a5+a2*bi)*tstar 
w2 = w1*beta+60.*lamdaw*(a1*bi+a3)*tstar 
w3 = a4*gldot-tstar*(a2*beta+60.*lamdaw*a1)*bi 

& -60.*lamdaw*a3*g1 

& 

& 

gwnew = (gw*wl - de1t*w3)/(w1+de1t*w2) 

11 = 
12 = 

13 = 

glnew 

b3+2.*g2*b1*(1.-sb)*zt 
tzdotpz*(b6+2.*g2*(1.-sb)*(b5*zt+b1» 
+10. *lamda1*(b4+2. *g2*(1.-sb)*b2*zt) 
-g2*(tstar*bi*(beta*bip2*gwmi+bip2*gwdot+2.*beta) 
+(tzdotpz*b5+10.*lamda1*b2)*«bip2*gwml+2.)*tstar-2.*sb» 

= (gl*11 _ de1t*13)/(11+de1t*12) 

c = 1.dO - znew*tau 
cdot = -zdot*tau - znew 

dl = tau 
d2 = 1.dO 
d3a = 2.dO*glnew 
d3b = g2*(2.dO*gl + g4*tstar) 
d3c = (2.dO*sb*(1.dO - gsnew»/(kl*(1.dO - sb)*c) 
d3 = 1amdal*ste*(d3a + d3b -d3c) 
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zne~ = (d3*delt + d1*z)/(d1 + d2*delt) 

c Under-relaxation 

gwnew = alpha*gwnew + (1.dO - alpha)*gwold 
glnew = alpha*glnew + (1. - alpha)*glold 
gsnew = alpha*gsnew + (1.dO - alpha)*gsold 
zne~ = alpha*znew + (1. - alpha)*zold 

c Iteration limit check 

if(iter.gt.2500)then 
print*,' nonconverging after 2500 iter in case3b' 
print*,' , 
print*,'gw =' gwnew 
print*,'gl =' ,glnew 
print*,'gs =',gsnew 
print*,'z =' ,znew 

endif 

c Convergence test 

if(dabs(gynew - gwold).gt.1.0d-5)goto 10 
if(dabs(glney - glold).gt.1.0d-5)goto 10 
if(dabs(gsnew - gsold).gt.1.0d-5)goto 10 
if(dabs(znew - zold).gt.1.0d-5)goto 10 

g~ 

gl 
gs 

z 

= 
= 
= 
= 

gwney 
glney 
gsney 
znew 

return 
end 
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13.7 Subroutine Case 3c 

c s3c.for 

c -- Variable not defined in the Main Program --

c 
c 
c 
c 
c 

c 
c 
c 
c 
c 
c 

c 
c 

c 
c 
c 
c 
c 
c 
c 

a's 
alpha 
b's 
bip2 
d's 
gldot 
gl 
glnew 
glold 
gs 
gsnew 
gsold 
gT,l 
gwneT,l 
gwold 
gw.l 
l's 
rhs 
sigmap1 
t3 

=> convenience parameters 
=> under-relaxation parameter 
=> convenience parameters 
=> Bi + 2. 
=> convenience parameters 
=> time derivative of gl 
=> value of gl from previous time step 
=> most recent value of gl 
=> value of gl from previous iteration 
=> value of gs from previous time step 
=> most recent value of gs 
=> value of gs from previous iteration 
=> gT,l from previous time step 
=> most recent value of gT,l 
=> value of gw from previous iteration 
=> gT,l - 1. 
=> convenience parameters 
=> 
=> 
=> time at which melting is over 

c tau => time 
c tzdotpz => convenience parameters 
c w's 
c x 
c xdot 
c xney 
c xold 
c z 
c zney 
c zold 

=> 
=> value of x from previous time step 
=> derivative of x with respect to time 
=> most recent value of x 
=> value of x from previous iteration 
=> value of z from previous time step 
=> most recent value of z 
=> value of z from previous iteration 

subroutine case3c(tau,delt,tstar,beta,gT,l,gl,gs,x,z,t3) 

double precision tau,gw,gl,gs,x,t3,kl,kT,l,lamdal,lamdaT,l, 
1 delt,bi,tol,beta,sigma,sb,tstar,ste,gl,g2,g3,g4,gldot, 
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2 alpha,gwnew,glnew,gsnew,gwm1,bip2,tzdotpz, 
3 xnew,z,gwold,glold,gsold,xold,gwdot,rhs,znew,zold, 
4 zdot,xdot,zt,d1,d2,d3,d4,c,mue,gldot,sigmap1, 
S w1,w2,w3,ll,l2,13,a1,a2,a3,a4,aS,b1,b2,b3,b4,bS,b6 

common bi,kw,kl,lamdal,lamdaw,mue,sb,sigma,ste 

c Define constants 

alpha = .SdO 
sigmapl = sigma+l. 
a1=2.*sigmap1**4-6.*sigmap1**3+7.*sigmap1**2-4.*sigmap1+1. 
a2=10.*sigmapl**2-10.*sigmap1+3. 
a3=2.*sigmapl**4-8.*sigmapl**3+12.*sigmapl**2-8.*sigmapl+2. 
a4=20.*sigmapl**2-30.*sigmap1+12. 
as=40.*sigmapl**2-30.*sigmap1+8. 
g2 = (kw*sigma)/(kl*(l. - sb» 
bip2 = bi + 2. 

c Iteration loop for gw,gs,gl,x,z 

iter = 0 
gwnew = gw 
glnew = gl 
gsnew = gs 
xnew = x 
znew = z 

10 continue 
iter = iter + 1 

c Iteration limit check 

if (iter .gt. 2000) then 
print *,' maximum iterations reached in case3c' 
call exit 

end if 

gwold = gwnew 
gsold = gsnew 
glold = glnew 
xold = xnew 



zold = znew 
gwdot = (gwnew - gw)/delt 
gldot = (glnew - gl)/delt 
xdot = (xnew - x)/delt 
zdot = (znew-z)/delt 
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zt = tau*znew 
b1=2.*zt**5-9.*zt**4+15.*zt**3-10.*zt**2 
b2=5.*zt**3-16.*zt**2+18.*zt-12. 
b3=5.*zt**5-24.*zt**4+45.*zt**3-40.*zt**2 
b4=9.*zt**3-28.*zt**2+30.*zt-12. 
b5=10.*zt**4-36.*zt**3+45.*zt**2-20.*zt 
b6=25.*zt**4-96.*zt**3+135.*zt**2-80.*zt 
g1 = sb + (1. - sb)*zt*glnew 
gldot = (l.-sb)*(znew*glnew+tau*(zdot*glnew+znew*gldot» 
g3 = zt*(znew + tau*zdot) 
g4 = bi - (2. + bi)*gwnew 
gwm1 = gwnew - 1. 
tzdotpz = tau*zdot + znew 

w1 = (a5+a2*bi)*tstar 
w2 = wl*beta+60.*lamdaw*(a1*bi+a3)*tstar 
w3 = a4*g1dot-tstar*(a2*beta+60.*lamdaw*a1)*bi 

& -60.*lamdaw*a3*gl 
gwnew = (gw*w1 - delt*w3)/(w1+delt*w2) 

gWdot = (gwnew - gw)/delt 

11 = b3+2.*g2*bl*(1.-sb)*zt 
12 = tzdotpz*(b6+2.*g2*(1.-sb)*(b5*zt+b1» 

& +10.*lamdal*(b4+2.*g2*(1.-sb)*b2*zt) 
13 = -g2*(tstar*bl*(beta*bip2*gwm1+bip2*gwdot+2.*beta) 

& +(tzdotpz*b5+10.*lamdal*b2)*«bip2*gwml+2.)*tstar-2.*sb» 

glnew = (gl*11 - delt*13)/(11+delt*12) 

gldot = (glnew - gl)/delt 
dl = (lamdal*ste)/(kl*(l.dO-sb» 
d2 = 2.dO*(1.dO-sb)*kl*glnew 
d3 = 2.dO*sb*gsnew 
d4 = kw*sigma*«bi-(2.dO+bi)*gwnew)*tstar+2.dO*gl) 

rhs = d1*(d2-d3+d4) 
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znew = (tau*z + rhs*delt)/(delt+tau) 

zdot =(znew-z)/delt 

t3 = tau +(l.dO-tau*znew)/(znew+tau*zdot) 

xnew =(1.-tau*znew)/(t3-tau) 

xdot = (xnew - x)/delt 

gsnew 
1 

= gs*(t3-tau)**2*xnew**2/(4*delt*(t3-tau)**2*xnew* 
xdot+«t3-tau)**2-4*delt*(t3-tau»*xnew**2+15*delt) 

c Under-relaxation 

gwnew = alpha*gwnew + (1. - alpha)*gwold 
glnew = alpha*glnew + (1. - alpha)*glold 
znew = alpha*znew + (l.dO-alpha)*zold 
gsnew = alpha*gsnew + (1. - alpha)*gsold 

c Convergence test 

if(dabs(gwnew - gwold).gt.1.0d-5)goto 10 
if(dabs(glnew - glold).gt.1.0d-5)goto 10 
if(dabs(gsnew - gsold).gt.1.0d-5)goto 10 
if(dabs(znew - zold).gt.1.0d-5)goto 10 

gw = gwnew 
gl = glnew 
gs = gsnew 

x = xnew 
z = znew 

return 
end 
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13.8 Subroutine Case 4a 

c s4a.for 

c -- Variable not defined in the Main Program --

c a's 
c alpha 
c bip2 
c d 

c dnew 
c dold 
c dtau 
c epsdl 
c epsgl 
c epsgw 
c epsmax 
c gldot 
c gl 
c glnew 
c glold 
c glol' 
c gwnew 
c gwold 
c sbml 

=> convenience parameters 
=> under-relaxation parameter 
=> Bi + 2. 
=> the value of d from previous time step 
=> the most recent value of d 
=> value of d from previous iteration 
=> time step size 
=> difference used for convergence test 
=> 
=> 
=> maximum of eps's 
=> time derivative of gl 
=> value of gl from previous time step 
=> most recent value of gl 
=> value of gl from previous iteration 
=> gw from previous time step 
=> most recent value of glol' 
=> value of gw from previous iteration 
=> convenience parameters 

c sig's => 
c sigmapl => 
c t => time 
c tl 
c t2 
c loI"S 

=> base temperature profile in the liquid 
=> correction profile in the liquid 
=> convenience parameter 

subroutine case4a(t,delt,tstar,beta,gw,gl,d,g40,glO,tsO, 
& tcen,g) 

double precision gl,gldot,sig2,sigl0,sig20,g,g2,glO,g40,g4,gwdot, 
1 g5,gldot,dtau,bip2,sbml,t,delt,tstar,beta,glol',gl,d,tsO,gwold, 
2 gwnew,glold,glnew,dold,dnew,bi,kw,kl,lamdal,lamdaw,mu,sb,sigma, 
3 ste,epsgw,epsgl,epsdl,epsmax,tcen,tl,t2,delta,wl,w2,w3,al,a2, 
4 a3,a4,a5 
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common bi,k~,kl,lamdal,lamda~,mu,sb,sigma,ste 

c Define constants 

bip2 = bi + 2. 
sbml = sb - 1. 

g2 = (k~*sigma)/(kl*(l.-sb» 
sigmapl = sigma+l. 
al=2.*sigmapl**4-6.*sigmapl**3+7.*sigmapl**2-4.*sigmapl+l. 
a2=10.*sigmapl**2-10.*sigmapl+3. 
a3=2.*sigmapl**4-8.*sigmapl**3+12.*sigmapl**2-8.*sigmapl+2. 
a4=20.*sigmapl**2-30.*sigmapl+12. 
a5=40.*sigmap1**2-30.*sigmapl+8. 
sig2 = 2.*sigma**2+2.*sigma+l. 
sig10 = 10.*sigma**2+10.*sigma+3. 
sig20 = 20.*sigma**2+10.*sigma+2. 
dtau = delt 

g~old = g~ 
glold = gl 
dold = d 
gwe~ = g~ 
glne~ = gl 
dney = d 

c Iteration loop to determine gy,gl,d 

iter = 0 
10 continue 

iter = iter + 1 

c Iteration limit check 

if (iter .gt.500) then 
print *,' Maximum iteration reached in case4a' 
print * , 'g~ne~' ,gYne~ 
print*, , glney' ,glne~ 
print*, 'dneY' ,dne~ 
print*, 'g~' ,gy 
print*, 'gl' ,gl 
print*, 'd' ,d 
print*, 'tstar' ,tstar 



print*,'beta' ,beta 
print*,'glO',glO 
print*,'tsO',tsO 
print*,'g40',g40 
print*,'gwdot',gwdot 
print*,'gldot',gldot 

endif 

gl = sb + (l.dO - sb)*glnew 
gldot = (l.dO- sb)*gldot 
g4 = bi - (2.dO + bi)*gwnew 

w1 = (a5+a2*bi)*tstar 
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w2 = wl*beta+60.*lamdaw*(al*bi+a3)*tstar 
w3 = a4*gldot-tstar*(a2*beta+60.*lamdaw*al)*bi 

& -60.*lamdaw*a3*gl 
gwnew = (gw*wl - delt*w3)/(w1+delt*w2) 

gwdot = (gwnew-gw)/delt 

glnew = -««18*bi+36)*delt*g2*gwnew-18*bi*delt*g2)*lamdal+(bi+2)* 
1 delt*g2*gwdot+(beta*bi+2*beta)*delt*g2*gwnew-beta*bi*delt*g2)*t 
2 star+(-36*delt*g2*lamdal-2*g2*gl)*sb+2*delt*g*lamdal+(2*g2+6)*g 
3 l)/«36*delt*g2*lamdal+2*g2)*sb-36*delt*g2*lamdal-2*g2-6) 

gldot = (glnew-gl)/delt 

dnew = d-dtau*«(15*bi+30)*g2*gwnew*lamdal-15*bi*g2*lamdal+beta*« 
1 bi+2)*g2*gwnew-bi*g2)+(bi+2) *g2*gwdot) *tstar+gldot* (g2 *(2*sb-2) 
2 -5)+g2*glnew*lamdal*(30*sb-30)-30*g2*lamdal*sb+dnew**4*g)/(dnew 
3 **3*g*t)/4.0 

c Under-relaxation 

gwnew = O.5dO*gwnew + O.5dO*gwold 
glnew = O.5dO*glnew + O.5dO*glold 
dnew = O.5dO*dnew + O.5dO*dold 

epsgw = dabs(gwnew-gwold) 
epsgl = dabs(glnew-glold) 
epsdl = dabs(dnew-dold) 
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epsmax = dmaxi(epsg~,epsgl,epsdl) 

g~old = g~ne~ 
glold = glne~ 
dold = dne~ 

c Convergence test 

if ( epsmax .gt. 1.0d-5 ) go to 10 

g~ = gwne~ 
gl = glne~ 

d = dne~ 

c Calculate temperatures Tl, T2 and Teen, and delta 

tl = gl+g2*(2.dO*gl+g4*tstar)+.5dO*(g-g2*(2.dO*gl+g4*tstar» 
delta = 1.dO - d*dsqrt(2.dO*t) 
t2 = -.5dO*(g*delta**2/(1.dO-delta»*(1.dO-l.dO/delta)**2 
tsym = (1.dO-sb)*(tl+t2) + sb 

return 
end 
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13.9 Subroutine Case 4b 

c c4b.for 

c -- Variable not defined in the Main Program --

c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 

a's => convenience parameters 
epsgl => 
epsgy => 
epsmax => maximum of eps's 
gldot => time derivative of gl 
gl => value of gl from previous time step 
glney => most recent value of gl 
glold => value of gl from previous iteration 
gY => gy from previous time step 
gyney => most recent value of gy 
gyold => value of gy from previous iteration 
sig's => convenience parameter 
sigma2 => 
sigmapl => 
t => time 
'W's => convenience parameter 

subroutine case4b(t,delt,tstar,beta,gy,gl,tcen) 

double precision sig2,sigl0,sig20,g2,g'Wdot,gldot, 
1 t,delt,tstar,beta,g'W,gl,sigma2,gYold,gYney,glold,glne'W, 
2 bi,ky,kl,lamdal,lamda'W,mu,sb,sigma,ste,epsg'W,epsgl,epsmax, 
3 tsym,gl,g4,gldot,yl,'W2,'W3,al,a2,a3,a4,a5 

common bi,kY,kl,lamdal,lamda'W,mu,sb,sigma,ste 

c Define constants 

g2 = ky*sigma!(kl*(l.dO-sb» 
sigmapl = sigma+l. 
al=2.*sigmapl**4-6.*sigmapl**3+7.*sigmapl**2-4.*sigmapl+1. 
a2=10.*sigmapl**2-10.*sigmapl+3. 
a3=2.*sigmapl**4-8.*sigmapl**3+12.*sigmapl**2-8.*sigmapl+2. 
a4=20.*sigmapl**2-30.*sigmapl+12. 
a5=40.*sigmapl**2-30.*sigmapl+8. 
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sig2 = 2.*sigma**2 + 2.*sigma + 1. 
sig10 = 10.*sigma**2 + 10.*sigma + 3. 
sig20 = 20.*sigma**2 + 10.*sigma + 2. 
gwold = gw 
glold = gl 

c Iteration loop to determine gw,gl 

iter = 0 
10 continue 

iter = iter + 1 

c Iteration limit check 

if (iter .gt. 500) then 
print *,' Maximum iterations reached in case 4b' 
call exit 

endif 

gldot = (glnew-gl)/delt 
gl = sb + (1. - sb)*glnew 
gldot = (l.-sb)*gldot 
g4 = bi - (2. + bi)*gwnew 

w1 = (a5+a2*bi)*tstar 
w2 = wl*beta+60.*lamdaw*(al*bi+a3)*tstar 
w3 = a4*gldot-tstar*(a2*beta+60.*lamdaw*al)*bi 

& -60.*lamdaw*a3*gl 
gwnew = (gw*wl - delt*w3)/(wl+delt*w2) 

gwdot = (gwnew-gw)/delt 

glnew=-««18*bi+36)*delt*g2*gwnew-18*bi*delt*g2)*lamdal+(bi+2)* 
1 delt*g2*gwdot) *tstar+ (-36*delt*g2*lamdal-2*g2*gl)*sb+(2* g2+6)*g 
2 1)/«36*delt*g2*lamdal+2*g2)*sb-36*delt*g2*lamdal-2*g2-6) 

c Under-relaxation 

gwnew = 0.9dO*gwnew + O.ldO*gwold 
glnew = 0.9dO*glnew + O.ldO*glold 

epsgw = dabs(gwnew-gyold) 



epsgl = dabs(glne~-glold) 
epsmax = dmaxl(epsg~,epsgl) 

g ... old = gwne~ 
glold = glne'll 

c Convergence test 
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if ( epsmax .gt. 1.0d-5 ) go to 10 

g~ = g~new 
gl = glne ... 

c Calculate the temperature at the center of the sphere 

gl = sb+(l.-sb)*glnew 
g4 = bi-(2.+bi)*g'llne~ 

return 
end 
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13.10 Subroutine: Linear Solver 

c linsol. for 

c This sub. is used to calculate the point of intersection of two 
c lines using a linear approximation. 

subroutine linsol (x,y,t,value) 

real*8 x(3),y(3),t(3),value 

dt = t(2)-t(1) 

if (dt.eq.O.O) go to 10 

dx = x(2)-x(1) 
dy = y(2) -y(1) 
denom = (dx-dy)/dt 

if (denom.eq.O.O) go to 10 

value = t(l)+(y(l)-x(l»/denom 

if (value.ge.t(2) .and.value.le.t(l» return 

10 continue 
print 
print 
print 
print 
print 
print 

* ' , , 

* ' , 

* ' , 
* ' , 
* ' , 
* ' , 

call exit 
end 

ERROR DETECTED IN LINSOL ... PROGRAM STOPPED' 
x-values' ,x(1),x(2) 
y-values' ,y(1),y(2) 
t-values' ,t(1),t(2) 
denom =', denom 
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13.11 Subroutine: Quadratic Interpolater 

c quadft . ftn 

c Subroutine quadft performs a quadritic interpolation based on three 
c points. This does not always yield to a desirable result. If the 
c interpolated value is not bracketed by the two most recent y-values, 
c then a linear interpolation is used. 

subroutine quadft(x,y,xO,yO) 

c Description of variables: 

c x = array of x-values 
c y = array of y-values 
c xO = values of x for interpolation 
c yO = interpolated value 

double precision x.y,xO,yO 
double precision dX12,dx23,dy12,dy23,d2x12,d2x23 
double precision bO,bl,b2 
integer*4 ncount(2),ncase(2) 
dimension x(3).y(3) 

common/debug/node,ncase,tworld.ncount 

dx12 = x(l) - x(2) 
dx23 = x(2) - x(3) 
dy12 = y(1) - y(2) 
dy23 = y(2) - y(3) 
d2x12= x(1)**2 - x(2)**2 
d2x23 = x(2)**2 - x(3)**2 
b2 = (dx12*dy23 - dx23*dy12)/(dx12*d2x23-d2x12*dx23) 
b1 = dy12/dx12 - b2*d2x12/dx12 
bO = y(l) - b1*x(l) - b2*x(1)**2 
yO = bO + bl*xO + b2*xO**2 

c Test for feasibility of solution. 

if ( yO.ge.y(2) . and. yO.le.y(l) ) return 
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c Linear interpolation used 

yO = ( y(1)-y(2) ) * ( xO-x(2) ) / ( x(1)-x(2) ) + y(2) 

return 
end 
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13.12 Subroutine: Quadratic Interpolater; Derivative 

c quadif.for 

c Subroutine quadif performs a quadritic interpolation based on three 
c points, and then determines the derivative of the quadratic equation 
c at a specified point. 

subroutine quadif(x,y,xO,dydxO) 

c Description of variables: 

c x = array of x-values 
c y = array of y-values 
c xO = value of x where derivative is to be evaluated. 
c dydxO = derivative of quadratic curve. 

double precision x,y,xO,dydxO 
double precision dx12,dx23,dy12,dy23,d2x12,d2x23 
double precision bO,bi,b2 

dimension x(3),y(3) 

dx12 = x(i) - x(2) 
dx23 = x(2) - x(3) 
dy12 = y(i) - y(2) 
dy23 = y(2) - y(3) 
d2x12= x(1)**2 - x(2)**2 
d2x23 = x(2)**2 - x(3)**2 
b2 = (dx12*dy23 - dx23*dy12)/(dx12*d2x23-d2x12*dx23) 
bi = dy12/dx12 - b2*d2x12/dx12 

dydxO = bi + 2.0*b2*xO 

return 
end 
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13.13 Subroutine: Quadratic Solver 

c quads 1. for 

c Subroutine quadsl performs a quadritic curve fit based on three 
c points for two sets of data points. It then solves for the inter­
c section of the two curves. This is required to determine the end 
c of Case lIlA 

subroutine quadsl(x,y,t,tO) 

c Description of variables: 

c x = array of x-values 
c y = array of y-values 
c t = array of time values 
c to = solution 

double precision x,y,t,tO 
double precision dt12,dt23,d2t12,d2t23 
double precision dx12,dx23 
double precision dy12,dy23 
double precision aO,al,a2 
double precision bO,bl,b2 
double precision a,b,c,denoml,tworld 

dimension x(3),y(3),t(3),ncase(2),ncount(2) 

common!debug!node,ncase,tworld,ncount 

dt12 = t(l) - t(2) 
dt23 = t(2) - t(3) 
dx12 = x(l) - x(2) 
dx23 = x(2) - x(3) 
d2t12= t(1)**2 - t(2)**2 
d2t23 = t(2)**2 - t(3)**2 
denoml = (dt12*d2t23-d2t12*dt23) 

if (denoml .eq. o. ) go to 10 

a2 = (dt12*dx23 - dt23*dx12)!denoml 
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if (dt12 .eq. o. ) go to 10 

al = dx12/dt12 - a2*d2t12/dt12 
aO = x(1) - al*t(l) - a2*t(1)**2 

c curve fit y versus t values 

dy12 = y(l) - y(2) 
dy23 = y(2) - y(3) 
b2 = (dt12*dy23 - dt23*dy12)/denoml 
bl = dy12/dt12 - b2*d2t12/dt12 
bO = y(l) - bl*t(l) - b2*t(1)**2 

a = a2 - b2 
b = a1 - b1 
c = aO - bO 

if (b.eq.O.O) go to 10 
if (a.eq.O.O) go to 10 

c solve for t based on type of equation 

if ( dabs(a) .It. 1.0d-8 ) then 
to = -c/b 
return 

else 
to 
if 
to 

= 
( 
= 

(-b+dsqrt(b**2-4.0dO*a*c»/(2.0dO*a) 
to .gt. t(2) .and. to .It. t(l) ) return 
(-b-dsqrt(b**2-4.0dO*a*c»/(2.0dO*a) 

if ( to .gt. t(2) . and. to .It. t(l) ) then 
return 

else 
10 continue 

print *,'PROBLEM DETECTED IN QUADSL ... USING LINEAR APPROX.' 
print*,' node =',node 
print*,'t~orld =' ,t~orld 
print*,'ncase(l) =',ncase(l) 
print*,'ncount(1) =',ncount(l) 
print*,' , 
print *,'x-array' 



print *,x 
print *,'y-array' 
print *,y 
print *,'t-array' 
print *,t 
to = t(2) 
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print*,'tO has been set to t(2)' 
return 

endif 

endif 
return 
end 
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13.14 Subroutine: Temperature at Node Inlet 

c tempin.for 

c This subroutine sorts though the time/fluid-temp. history 
c information, looking for the the value of the fluid temperature 
c from the previous node to be used in the present node. If the 
c exact time is not listed the sub. interpolates betYeen the data 
c points to come up yith the the fluid temperature. 

subroutine tempin(tYorld,tin,es) 

save tY1,tY2,t1,t2,e1,e2,i 

real*8 tYorld,tin,ty1,tY2,t1,t2,x1,x2,d,y1,y2,linear,fluin,es 
real*8 e1,e2 
logical fflag 
dimension fluin(3,3000) 

common/fluid/fluin,fflag 

linear(y1,y2,x1,x2,d) = x1+(x2-x1)*(d-y1)/(y2-yl) 

if ( fflag ) then 
tyl = fluin(1,l) 
t1 = fluin(2,l) 
ty2 = fluin(l,2) 
t2 = fluin(2,2) 
e1 = fluin(3,l) 
e2 = fluin(3,2) 
i = 2 
fflag = .false. 

endif 

10 if ( tyorld .gt. tY2) then 
ty1 = ty2 
t1 = t2 
e1 = e2 
i = i + 1 
ty2 = fluin(l,i) 
if( ty2.eq.0 )goto 900 
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1000 

t2 = fluin(2,i) 
e2 = fluin(3,i) 
goto 10 

else 
if ( tworld .eq. tw1) then 

tin = t1 
es = e1 
goto 1000 

endif 
if (tworld .eq. tw2) then 

tin = t2 
es = e2 
goto 1000 

endif 
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tin = linear(tw1,tw2,t1,t2,tworld) 
es = linear(tw1,tw2,e1,e2,tworld) 
goto 1000 

endif 

i = i - 1 
tin = t2 
es = e2 
return 
end 
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13.15 Subroutine: Time Step Size 

c tstep.for 

c This subroutine determines the time step sizes for all the 
c subproblem subroutines base on information from the previous node. 

subroutine tstep(node,ncase,delto) 

integer*4 ncase,cnthst(8) 
real*8 delto,deltt(8),high,low 

common/tctrl/deltt,cnthst 

if(ncase.eq.5)then 
high = 100 
low = 70. 

elseif(ncase.eq.2.or.ncase.eq.6)then 
high = 100. 
low = 70. 

else 
high = 100. 
low = 70. 

endif 

if (cnthst(ncase).le.high .and. cnthst(ncase).ge.low) then 
delto = deltt(ncase) 
return 

endif 

if (cnthst(ncase) .gt.high) then 

else 

delto = deltt(ncase)*cnthst(ncase)/high 
deltt(ncase) = delto 

delto = deltt(ncase)*cnthst(ncase)/«high-low)/2.+1ow) 
deltt(ncase) = delto 

endif 

return 
end 


