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INTRODUCTION

Arterial stenosis, which refers to a constricted or a
narrowed segment of an artery, is a frequent result of
arterial disease. In most of the cases arterial stenosis
can be attributed to the deposition of atherosclerotic
plague on the arterial wall. As these plaque develop they
project into the lumen of the artery, causing a localized
narrowing for the passage of blood through the vessel. With
the development of a stenosis the flow pattern distal to the
stenosis is altered significantly. When the stenosis is
severe enough, the flow alteration can be accompanied with
turbulence, separation phenomena, and pressure loss across
the stenosis.

The physiological significance of the aforementioned
stenosis induced alterations is quite striking. It has been
shown experimentally that the changing of the flow
characteristics in the vicinity of stenosis triggers certain
biological mechanisms that may lead to cell damage, abnormal
cell growth and further development of the stenosis. On the
other hand, pressure loss across the stenosis can reduce the
blood flow to the peripheral beds that the artery supplies.
When the stenosed artery is one of the coronary arteries
that supplies the myocardium, reduced blood flow can result

in severe chest pain or even myocardial infarction, the



leading cause of death in the United States. When the
blockage occurs in one of the carotid arteries, reduced
blood flow to the brain can cause stroke, the third leading
cause of death in the United States. Thus, it is not
surprising that during the last two decades, much effort has
been put into studying the fluid mechanics of arterial
stenoses. In general, the fluid mechanics problems related
to the arterial stenoses can be grouped into three broad
categories (Young, 1979):
1. Effect of the stenosis on regional blood flow to
peripheral vascular beds
2. Localized hydrodynamic effects such as pressure
distribution along the stenosis, wall shearing
stress distribution, velocity distribution,
separation phenomena and turbulence
3. Methods for detection and clinical evaluation of
stenoses.

Due to the complexity of the phenomenon, most of the
stenosis studies that were done in the past were
experimental, although investigations involving numerical
approaches and computer modeling have become of more recent
interest. The experimental studies can either be in vivo or
in vitro studies. 1In vivo experiments involve naturally

occurring or artificially induced stenoses in real arteries,



whereas in in vitro experiments a hydraulic model is
employed to simulate the arterial flow. The in vitro
experiments have proven to be extremely helpful for two
reasons: first, because the complex system that exists in
the body is greatly simplified, thus allowing better control
of the various parameters that enter the system, and second,
because measurements can be designed and performed in a more
accurate and reliable way. Hydraulic models of arterial
stenoses may vary considerably with respect to the specific
characteristics of the stenosed artery they resemble or the
degree of simplification. A typical hydraulic model is
drawn in Fig. 1. The stenosed artery is modeled as a
straight tube with some kind of constriction and the
downstream resistances are all lumped together into a single
distal resistance. Two types of stenoses have been used in
model stenoses studies. Rigid stenoses, in which the
geometry of the stenoses remains unchanged, and compliant
stenoses that are partially circumscribed by a normal,
compliant, wall segment capable of undergoing a change in
geometry, as shown in Fig. 2.

Undoubtedly, the easiest case to consider is a model
with rigid stenosis and perfused with steady flow. Such
models have been extensively studied in the past and have

provided a great insight in the fluid mechanics of arterial
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FIGURE 1. Typical model for stenosed artery. From Dubill,

1986
(a) Rigid (b) Compliant

FIGURE 2. Cross sections for rigid and compliant stenoses.
From Dubill, 1986

stenoses, It is a fact, however, that blood flow through
the arteries is highly pulsatile. Moreover, it has been
suggested that the majority of the human stenoses are
compliant to some extent (Brown et al., 1984). Compliant
stenoses are of particular clinical interest because they
are associated with a potential flow limiting situation due
to a collapse of the artery. Although this extreme case

attracts most of the attention, the dynamic nature of the



compliant stenosis is not limited there. The fact that
compliant stenoses behave dynamically when they are not in a
collapsed mode has received little attention so far. The
purpose of the present study was to investigate the
relationship between pulsatile flow and a compliant
stenosis, and to give some insight into the mechanics of
this complicated phenomenon.

More specifically, the objectives of this thesis were:
® To examine the effect of the compliant stenosis on
the flow characteristics, particularly in a non-

collapsed mode.

® To develop a theoretical model for pulsatile flow
through a compliant stenosis and to identify the
various parameters that enter the problem.

® To assess the validity of using steady flow models
for compliant stenoses.

® To evaluate the applicability of the experimental
set-up for general pulsatile flow studies involving

compliant stenoses.



LITERATURE REVIEW

Before preceding to the formulation of the mathematical
model and the description of the experimental procedures,
some physiological characteristics important in designing
and evaluating the model are considered. In addition,
previous relevant studies on pulsatile and stenotic flow
that provide valuable background to the present study, are

reviewed in the following paragraphs.

Physiological Considerations

The physiological characteristics considered were the
rheological properties of blood, the mechanical properties
of the arterial wall, and the mechanics of flow in the

arterial system.

Rheological characteristics of blood

Blood is a non-Newtonian fluid. 1In its simplest
description, blood is a suspension of red blood cells
(erythrocytes) in plasma. Although plasma in general
exhibits Newtonian behavior, blood as a whole shows two
kinds of viscous abnormalities. First, at low shear rates,
v (y<100 1/s), the apparent viscosity increases
exponentially, and second, the apparent viscosity depends on

the size of the vessel. 1In small vessels (diameter<lmm),



the viscosity drops significantly, reaching its minimum
value in vessels of approximately 100u in diameter. This
phenomenon is known as the Farheous-Lindquist effect. Blood
viscosity depends also on the hematocrit level. Hematocrit
is a measure of the relative volume that the red blood cells
occupy, and can vary from species to species or in abnormal
situations such as anemia. Fortunately, at shear rates
above about 100 1/s, blood viscosity approaches an
asymptotic value and can be assumed to be practically
constant. Shear rates higher than 100 1/s are typical in
large arteries (McDonald, 1974).

Typical values for the viscosity of the human and the
canine range from 3—4:{10—3 Ns/m2 for shear rates greater

than 100 s 1

and normal body temperature (Milnor, 1982).
Literature values for the blood density range from 1050 to

1060 kg/mS.

Properties of the arterial wall

Because of its non-homogeneous, multi-layer structure,
the arterial wall exhibits anisotropic, non-linear,
viscoelastic behavior. Thus, the modulus of elasticity, E,
rather than being constant at a particular arterial segment,
depends on both the direction and the load (stress).
Viscoelasticity introduces some extra difficulties, since

additional variables like time and frequency should be



considered when studying the elastic performance of the
arterial wall.

For analysis purposes, a single value for the modulus
of elasticity, referred to as the incremental modulus of
elasticity, Ejgc, is often used. The value of Ejp. is valid
for a specific artery or arterial segment and over a defined
range of applied stress, where linearity on the stress-
strain relationship is assumed. Typical values for E;,. for
various arteries and veins are given by Caro et al. (1978).

The elastic properties of the arterial wall are
important determinants of certain circulatory phenomena,
such as wave propagation and the distension of the arterial
wall. Both phenomena have received considerable attention,
and several simplified theories leading to applicable
equations for the wave transmission and the pressure-area
relations are cited in the literature. A complete review is

given by Milnor (1982).

Flow in the arterial system

The interaction of the pulsatile flow and the complex
geometry and properties of arterial tree have a unigue
effect on the blood flow characteristics. As the blood
flows from aorta to the capillaries, flow is altered
continuously, going from an almost turbulent flow in the

aorta to a slow flow in which viscous effects are strong in



the arterioles, and from highly pulsatile in the large
arteries to 'quasi-steady' at the arteriolar level. This
diversity in the flow patterns throughout the arterial
system, reflects on a surprisingly wide spectrum of Reynolds

numbers and alpha parameters found in the human circulation.

These parameters are described as follows:

Reynolds number The Reynolds number is a

dimensionless parameter defined as

where:

p = density of blood

D = internal diameter of the vessel
pu = viscosity of blood

V = velocity of blood flow

The Reynolds number expresses the relative importance
between the inertial and viscous forces. Under steady flow
conditions, the Reynolds number serves also as a criterion
to determine the transition from laminar flow to turbulent
flow. Typical values for the mean Reynolds number found in
the literature range from about 100 in small arteries to
12000 in the aorta.

Alpha parameter The alpha parameter, a, sometimes

called the Womersley or frequency parameter, is one of the
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governing parameters for oscillating flows, and can be

defined as:

a = R yw/v

where:

R = the vessel radius

w the angular frequency corresponding to pulse rate

the kinematic viscosity of the fluid

14

From the fluid mechanics standpoint, a can be viewed as the
ratio of the local acceleration forces to viscous forces.
High a values (a>>1) indicate that the flow is highly
pulsatile and the inertial forces are predominate. At low a
values (a<l), the type of flow is 'quasi-steady'; the
viscous forces dominate and the inertial effects can be
neglected. The a-values for the human arteries range from
as low as 1 for the small arteries to about 17 in aorta

(McDonald, 1974).
Pulsatile Flow Studies

It is well-established that blood flow is highly
pulsatile in all systemic arteries. Even in small arteries
like the saphenous artery, the alpha parameter has a value
of approximately one, showing some pulsatility in the flow
(McDonald, 1974). Thus, for a complete analysis of arterial

flows inertial effects cannot be neglected.
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The problem of laminar oscillating flow in a straight
rigid tube, which is the simplest approach in modeling
arterial flows, has been studied in the past and solutions
are well-known. Several investigators obtained analytical
solutions to the problem (Schonfeld, 1949; Uchida, 1956;
Womersley, 1955a). In each of the aforementioned studies,
the pressure gradient waveform was resolved into its
harmonics, and an ordinary differential equation was derived
as a basic relation for each of the harmonics. The solution
to the differential equation was expressed in terms of
Bessel functions. Womersley expanded his work to more
realistic models, developing a consistent treatment for
elastic tubes (1955b) and viscoelastic tubes (1957).

Another approach to the same problem was presented by
Fry (1959). Starting from the same differential equation
used by Womersley, Fry arrived at the approximate
relationship between pressure gradient and flow

Ap

dQ
H=RQ+LE (1)

The above equation was solved by means of an electrical
analog. The idea behind it was that once the empirical
coefficients R and L were determined, their values could be
used to give the flow waveform, when the pressure gradient

was the measured quantity. Although semiempirical, Fry's
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solution checks out well with the more precise Womersley's
solution for physiological flows (Greenfield and Fry, 1965).
Today, the development of the high-speed digital
computers enables scientists and engineers to apply
numerical solutions to many of the traditional fluid
mechanics problems. Such a numerical solution to the
Womersley problem is presented in the Appendix, and results
of this solution are used in the present study to validate

the experimental apparatus.
Collapsible Tube Studies

A phenomenon of major medical interest closely
associated with blood flow dynamics, is the phenomenon of
arterial collapse. When the transmural pressure that keeps
the arteries distended falls below a critical point,
arteries can collapse. Arterial collapse causes severe
changes in the vessel geometry reducing their lumen markedly
and leading to flow limiting situations.

Many investigators have studied the characteristics of
flow through collapsible tubes using a simple device, called
the Starling resistor. As shown in Fig. 3, the Starling
resistor is simply a thin-walled elastic tube inside a
pressure chamber. The important guantities that define the

behavior of the system are the volume rate of flow, Q, the
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inlet pressure, P;, the outlet pressure, P; and the external

pressure, Pg,.

CoLLAPLBLL
SURRIA Tua
AimTient Box

FIGURE 3. Starling Resistor Device. =from Conrad, 1969

Early work by Rodbard and Saiki (1953) and Rodbard
(1955) revealed some of the important aspects of flow in
collapsible tubes. Rodbard dealt mainly with the paradox of
increased flow when a resistance was added at the outlet of
the system. Rodbard also pointed out that a partially
collapsed tube results in the production of noisy flutter
and high energy losses along the tube. Conrad (1969)
performed systematic studies on collapsible tubes, using the
Starling resistor device. From his experiments Conrad
concluded that three distinct flow states exist,

characterized by the relative value of the transmural
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pressure to a critical transmural pressure, P.,.. When the
transmural pressure (P-P,) is greater than P.., then the
tube is wide open and Poiseuille's law applies. When the
transmural pressure (P-P,) equals P.,, then the tube is
partially collapsed and the relationship between flow and
pressure is non-linear. When (P-P.) is less than P.,, the
tube is fully collapsed and the Pj-P, versus Q relationship
appeared to be linear but with steeper slope from the linear
case. Using Conrad's data, Brower and Noordergraaf (1973)
developed theoretical models proposing that the pressure
differences (P;-P,) and (P»-P,) were the significant
variables. Earlier, Lopez-Muniz et al. (1968) had suggested
that for the collapsed state Q is proportional to Pj-P,, and
changes in P; have no influence on the flow rate, Q.

Several attempts have been made to analyze the physical
behavior of the Starling resistor device by means of
mathematical models. These studies can be grouped into two
distinct categories according to the mechanism of flow
limitation each group proposes.

The first mechanism is called the "inertial mode of
flow limitation", (Elliott and Dawson, 1978; Shapiro, 1977).
The independence between upstream and downstream pressure in
a choked (collapsed) segment, is attributed to the

development of local pulse-wave conditions. An important
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variable in the analysis was the speed of pressure waves in
the tube. Griffiths suggested that flow in the uncollapsed
portion of the tube is subsonic whereas in the collapsed
portion it is supersonic, building thus a transonic barrier
for the upstream propagation of the pressure waves.

The second mechanism is called the "frictional mode of
limitation", (Rubinow and Keller, 1972; Fry et al., 1980).
According to Fry et al., "the principle of the mechanism is
based on the fact that changes in the outlet pressure, alter
the pressure distribution in the downstream segment of the
collapsible tube, causing compensatory changes in the flow
resistance of this segment in a direction such that flow is
maintained virtually constant.” Rubinow and Keller analyzed
the mechanism both experimentally and mathematically and
found good agreement between experimental and theoretical
values, in their studies on the human iliac artery. For
these basic studies on flow in collapsible tubes there are

no stenoses present.
Stenosis Studies

Arterial stenosis has a complex effect on the dynamics
of blood flow. Some of the important hemodynamic features
associated with the presence of stenosis in the arterial

system are greater resistance to flow, flow separation,
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turbulence, post-stenotic dilatation and possible arterial
collapse. Recognizing the complexity of the phenomenon,
several investigators pursued studies on in-vivo and in-
vitro models of stenoses. These studies provided insight
into the hemodynamics of the arterial stenosis, and some of
their findings regarding stenosis geometry, and the fluid
mechanics of rigid and compliant stenosis are discussed in

the following sections.

Stenosis geometry

Stenoses may differ markedly in their morphological
characteristics, such as shape, length and severity. 1In
addition, stenoses may contain a part of normal arterial
wall as opposed to "fixed" or "rigid" stenoses, where the
calcified atheroma covers the whole circumference of the
stenotic lesion. Figure 4 shows a coronary stenosis with a
normal wall segment (dashed line). Because of their
configuration, the term "eccentric" is used to characterize
this type of stenosis. Figure 5 shows some idealized
drawings of concentric and eccentric stenoses. Although
both types exist in the human circulation, post mortem
studies reported in the literature suggest that the majority
of human (coronary) stenoses are compliant (Freudenburg and

Lichtlen, 1981; Maseri et al., 1978).



FIGURE 4. Cross-section of an eccentric stenosis.

Brown et al., 1984

Stenosis severity is usually expressed in terms of

percent area reduction denoted as percent stenosis defined

as

Percent stenosis = (1-A;/Ag) x 100

where:
A, = free cross—-sectional area
A, = unobstructed lumen area

Several other pertinent geometric characteristics,

such

as shape, divergence-convergence angle and smoothness are

needed to define the geometry of the stenosis.

simplicity, most investigators do not take these factors

However,

for
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36 2% 2% Fot
ECCENTRIC (74 %)

0.3%

CONCENTRIC (26 %)

FIGURE 5. Human coronary stenoses. From Freudenburg and
Lichtlen, 1981

into account. In fact, Seeley and Young (1976) studying the
effect of geometry on the fluid mechanics of the stenosis,
showed that equations developed for regular-shaped models
could be used to approximately describe flow in irregular

models.

Rigid stenoses

Although it is generally recognized that in the
circulation stenoses often behave in dynamic fashion (Brown

et al., 1984; Santamore et al., 1980), rigid stenoses
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studies provide valuable background on various aspects of
the fluid mechanics of the arterial stenosis.

Analytical studies Attempts to find analytical

solutions for the flow through stenoses were limited to
simple, axisymmetric geometries and to non-turbulent flows.
Young (1968) performed an analysis for a mild, axisymmetric
confiquration, to obtain an approximate solution, based on
the elimination of the convective acceleration terms of the
Navier-Stokes equations. Forrester and Young (1970)
extended the same analysis to account for the occurrence of
flow separation. Following a different approach which
utilizes both integral-momentum and integral-energy
equations, Morgan and Young (1974), arrived at a solution
that holds for either mild or more severe stenoses, on the
presumption that flow remains still in the laminar region.
Lee and Fung (1970) used a numerical scheme to solve the
problem for mild and severe stenoses, including the presence
of flow separation,

Experimental studies The applicability of

analytical or numerical methods, to the general case of flow
through stenoses, is rather restricted by the presence of
turbulence and the infinite variety of possible stenosis
geometries. Thus, a great deal of experimental work has

been done to study the various aspects of stenotic flow.
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Important aspects of the experimental studies were the
dimensional analysis, which reveals the various factors that
influence the fluid mechanics of the stenosis, and the
specific pressure-flow relationship

Dimensional analysis One of the most important

hemodynamic quantities associated with the arterial
stenosis, 1s the pressure drop across it, AP. The effect of
pressure drop can be dramatic. If AP is great enough,
pressure distal to stenosis can be reduced to such a degree
that blood flow to the peripheral beds, despite the local
compensatory mechanisms the body applies (i.e.,
vasodilation), is greatly reduced. Therefore, a good
understanding of the factors that influence the pressure
drop, as well as the knowledge of the relationship between
flow and pressure drop, is considered essential.

Young (1979) performed a dimensional analysis for the
pulsatile flow case and a generalized geometry. Figure 6
shows the geometry of the stenosis and the parameters needed
to define it. The flow waveform parameters are shown in
Fig. 7. As a result, the following equation for the
pressure drop was obtained:

Ap L A; A; DU

S
_2- = f(_! — i s ‘/ == (2)
pU D A, D 7 Up T T 2 TV

where:
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pressure drop across the stenosis

mean fluid velocity

peak fluid velocity

period of the pulse

diameter of the tube

characteristic lengths that define the stenosis
geometry

cross—-sectional area of the unobstructed tube

minimum free cross-sectional area of the stenosis

L

et
—l———1
T 7 72 |
] Uy
z //[// /'/,1 £ .J‘ 4"'/ : 1'1"1

FIGURE 6. General stenosis geometry. From Young, 1979

Pressure-flow relationship Young and Tsai

(1973a and 1973b) performed extensive studies on the flow

characteristics of model stenoses. They found that in the

general case of unsteady flow, the pressure drop, AP, can be

estimated from the equation
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YELOCITY, U

P—J—J I T, t

FIGURE 7. Flow pulse waveform. From Young, 1979

p = —0 % — [— = 1] pjU|O * Kol (3)
d 2 Al dt

where:

A, = cross—sectional area of unobstructed tube

A, = minimum free cross-sectional area of the stenosis

Ky, K¢, and K, = experimentally determined coefficients

The first term on the right of Eq. 3 represents the
pressure drop due to viscous effects. The second term, is
associated with the divergence and convergence of the flow
in the stenosis and accounts for the turbulent losses. The
third term, present only in pulsatile flow, accounts for the
pressure gradient needed to accelerate the fluid. Viscous
effects dominate at low Reynolds numbers, whereas the
turbulent effects will dominate at moderate to high Reynolds

numbers, usually found in the arterial flow.
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The empirical coefficients K, Ky, and K, in general
depend on the geometry of the stenosis and the alpha
parameter. Seeley and Young (1976) studied the effects of
geometry on steady flow through blunt plugs and found that
K, depends strongly on the geometry and can be approximated

by the equation

L Ao 2

Ky = 32(=)(—) (4)
d Al

where

L, = 0.83Lg + 1.46d;

and Lg is the stenosis length and L, represents an
equivalent stenosis length that accounts for the entrance
and exit effects. In the same paper, Seeley and Young
suggested that K; is not strongly dependent on geometry, and
has an approximately constant value of 1.52. The
coefficient K, is also assumed to be fairly constant, with
an approximate value of 1.2 (Young and Tsai, 1973b).

A summary of the important conclusions coming from the
evaluation of Eg. 3 was given by Young (1979):

1. Although AP is influenced by several factors such

as geometry, viscosity and density of blood,

velocity and flow waveform, in the physiological
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range the most important factors are the area
ratio, Ay/A, and the velocity.

2. The pressure drop varies non-linearly with the
velocity, thus, the effective stenosis resistance
is velocity dependent.

3. Due to its non-linear effect, the ratio Al/AO
(usually expressed in terms of percent stenosis)
becomes a very important factor when a critical
point is reached. Beyond this point, small
changes 1in percent stenosis have a dramatic
effect on the pressure drop. This critical
percent stenosis is lower at elevated flow rates.

4, For moderate to severe stenoses where the viscous
effects are small, variations in viscosity and
stenosis length are considered insignificant.

5. For moderate and severe stenoses the acceleration
effects are negligible.

Equation 3 was verified through in-vivo experiments by
Young et al. (1975). Pressure drop across artificially
induced stenosis in the femoral artery of dogs was compared
with those predicted from Eg. 3. Results showed a
reasonable agreement and supported the applicability of the

equation for actual arterial flow.
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Arterial stenosis

A common observation of many investigators concerned
with the hemodynamics of coronary and carotid arteries was
that, rather than being fixed, arteries could alter their
severity as a response to various stimuli. Such a behavior
is in contrast with the traditional concept of rigid
stenoses and suggests that stenoses behave in a dynamic
fashion. 1Indeed, it has been reported (Maseri et al., 1978)
that diseased stenotic regions often contain a segment of
normal arterial wall, able to change geometry under the
influence of vasomotor tone and intraluminal pressure.

Ef fect of vasomotor tone Vasomotor tone refers to

the contractile state of the smooth muscle, present in all
systemic arteries. Arterial smooth muscle, often referred
to as the "active element" of the arterial wall, can
contract (vasoconstriction) or relax (vasodilation) in
response to various pharmacological agents, called
vasoconstrictor and vasodilator drugs, respectively.

Vasoconstriction The effect of

vasoconstriction on compliant stenoses becomes a very
important determinant of the role of coronary artery spasm.
Coronary artery spasm refers to an inappropriate
constriction of the large coronary arteries, with the

mechanism causing it yet to be made clear (Santamore, 1986).
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Increasing evidence that episodes of angina pectoris (chest
pain) could be caused by arterial spasm superimposed on
coronary artery stenoses has drawn the attention of many
investigators over the last few years.

Santamore et al. (1980) studied the effects of arterial
vasoconstriction on stenotic hemodynamics, in in-vitro
coronary artery preparations. The in-vitro preparation was
chosen to eliminate uncontrolled neural, humoral, and
systemic effects. Two types of stenoses were used; one of
fixed geometry, created by tightening an external snare
around the vessel, and another, created by inflating an
intraluminal balloon catheter, thus allowing
vasoconstriction to occur. Vasoconstriction was induced and
the resistance to flow was measured. Vasoconstriction
itself without the presence of stenosis, had no significant
effect on flow. Similarly, with the presence of stenosis
produced with the external snare, vasoconstriction had a
little additional effect on the flow reduction. With the
stenosis produced by the intraluminal balloon catheter,
arterial vasoconstriction caused a dramatic increase in the
stenotic resistance.

Anticipating the possible mechanisms of the phenomenon,
Santamore et al. 1indicated that for a critical stenosis, a

small reduction in diameter (caused by vasoconstriction),
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could significantly increase the severity or even totally
occlude the artery. On the other hand, due to Bernoulli
effect, the pressure in the stenosis would be reduced more,
allowing the vessel to constrict even further.

Vasodilation Experimental studies dealing with

the effect of vasodilation on flow in coronary arteries with
eccentric lesions have demonstrated great changes in the
resistance following vasodilation distal to stenosis. The
same studies reported that, paradoxically, vasodilation
caused flow either to remain constant or to decrease.
Schwartz et al. (1979) studied the effects of
vasodilation on partially occluded canine coronary arteries.
Vasodilation was induced by transient artery occlusion,
distal to stenosis. Vasodilation caused flow to decrease
and stenotic resistance to increase. Schwartz et al.,
proposed that the increase to stenotic resistance was a
result of a passive decrease in stenotic area which follows
reductions in the intraluminal pressure. Gould (1978)
observed similar behavior for coronary arterial stenosis,
after vasodilation. Gould, attributed the increase in
stenotic resistance to the dilation of the adjacent arterial
segment; the relative percent narrowing becomes more severe
and the divergence angle increases. The same year, however,

Lipscomb and Hooten (1978) published their results of
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studies on stenosis geometry, suggesting that the exit angle
does not affect the stenosis severity significantly.

Effect of intraluminal pressure Logan (1975)

performed a series of in-vitro experiments on post-mortem
human coronary arteries. He observed that in arteries with
eccentric lesions, an increase in the perfusion pressure,
caused a decrease in resistance to flow and vice-versa. On
the other hand, for rigid stenoses, perfusion pressure
seemed to have no effect on the stenotic resistance. Using
different experimental procedures, Schwartz et al. (1980)
confirmed the dependence of stenotic performance on
perfusion pressure. It was shown that increased aortic
pressure could cause a decrease in the hemodynamic severity
of the stenosis. In their conclusions, both studies
suggested that, for compliant stenoses, the intraluminal
pressure through the passive distension of the arterial
wall, controls the severity of the stenosis.

Models of compliant arterial stenosis Recently,

Santamore and Bove (1985) developed a theoretical model for
the compliant arterial stenosis. Although the model applies
only to steady flow, it includes important variables such as
vasomotor tone, intraluminal pressure, and compliance.

To incorporate the effect of the intraluminal pressure

in the model, Santamore and Bove used an approximate, non-
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linear relation between intraluminal pressure and the
circumference of the tube. To account for the partial
rigidity of the tube, the circumference value was weighted
proportionally to the elastic portion of the stenosis wall.
A sensitivity factor was introduced to account for the
various types of plaque shape. Vasoconstriction was taken
to cause approximately 20% decrease in vessel circumference,
at pressures under 100 mm Hg and to have no effect at
pressures above 150 mm Hg.

Santamore and Bove recognized that the transluminal
distending pressure would change across the stenosis,
resulting in different luminal areas at different
longitudinal positions. To correct for this effect, they
divided the stenosis length into a number of segments where
a single value for the transluminal pressure is applied.

The resulting system of equations was solved on a computer
using an iterative technique.

The model describes well the characteristics of flow
through compliant stenosis. Solutions given by the
theoretical model for various hypothetical situations agree,
at least qualitatively, with experimental data.
Vasoconstriction always reduced flow. Increased
intraluminal pressure increased flow. The paradox of
decreased flow following a decrease in distal resistance was

also demonstrated.
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Besides giving a reasonable, simple theoretical model
for the compliant stenosis, the study emphasized the
importance of the characteristics of the arterial lesion.
However, this becomes its limiting point, because in general
these characteristics are not known.

Dubill (1986) also studied the steady flow case by
performing experiments on models of compliant stenoses.
Model stenoses consisted of an asymmetric rigid plug
inserted into thin-walled latex tubing. A portion of the
stenosis wall was free to respond to changes in transmural
pressure, when the model was placed in an airtight chamber,
resembling the Starling resistor device. Steady flow tests
were conducted for a wide range of Reynolds numbers and for
three different values of percent stenosis (75%, 85%, and
89%) .

The results agreed well with those from previous
studies on collapsible tubes. When the tube was in the
uncollapsed state, flow behaved essentially as in a rigid
tube. When the transmural pressure exceeded a critical
point, the tube collapsed and flow did not increase with
further reductions on the distal pressure. A typical set of
experimental flow-pressure curves for the 85% stenoses are
shown in Fig. 8. Dubill also showed that, when the tube is

collapsed, the maximum flow rate, Q, was a linear function
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of P1-P, and the effective severity of the collapsed segment
increased markedly at high values of transmural pressures.
In conclusion, this study demonstrated that indeed
compliant stenoses behave dynamically. Thus, it seems
likely that under clinical conditions of reduced
intraluminal pressure, resulting from vasodilation,
compliant stenoses can collapse, thereby limiting the

perfusion to the peripheral beds and leading to ischemia.
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MATHEMATICAL MODEL

One of the major objectives of this study,

develop a simple theoretical model for the pulsating flow

through a compliant stenosis. The approach followed was to

modify the already existing models for rigid stenoses to
incorporate the effects of the stenosis compliance.

section discusses the individual steps used in the

development of the mathematical model.

Rigid Stenosis Models

As mentioned in the Literature Review, Young and Tsai

(1973b) developed the empirical relationship for the

pulsatile flow through rigid stenoses in the form

4R, u 8Kyp Ag 2 7 4K,pL dQ
ap = 39+ 3z [—-110¢ +—— —
nd 7 d Aq nd dt
where:
Ap = pressure drop across the stenosis

volume rate of flow

diameter of the unobstructed tube

u = viscosity of the fluid
p = density of the fluid
Ao = cross-sectional area of unobstructed tube

T
=
]

minimum free cross-sectional area of the stenosis

(5)
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For severe stenoses the third term of Eg. 5 is
considered insignificant, and therefore is usually omitted.
The coefficient K., as proposed by Young et al. (1976) is
only slightly dependent on geometry and has been
approximated with the constant value of 1.52. It can be
shown theoretically that Ky is equal to 1.5 for ideally
blunt stencses. Therefore, the value of 1.5 can be
substituted for Ky, without introducing significant error.

The coefficient K, depends greatly on the geometry of

the stenosis. Seeley and Young (1976) developed the

relationship
L A, 2
o
Ky = 32(—)(—) (6)
d Ay

for K, where, L, is a modified length of the stenosis to
account for the entrance and exit effects. However, since
Eg. 6 was developed for stenoses of circular cross-section,
it is envisioned that for non-circular cross-sections, as in
the stenoses used in the present study, a correction factor,
B, should be introduced. Thus, Eq. 6 is rewritten as

L A 2

Ky = 325(—)(—0) {7)
da Ay
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where B8 is assumed also to account for the entrance-exit
effects, so that the actual length of stenosis, L, is used
in Eq. 7.
With these assumptions Eg. 4, for the pressure drop,
can be expressed as
L A, 2 u 12p A, 2 2
ap = 1288(=)(—) —3 Q0+ 57 [— - 1] ¢ (8)
d Al nd n°d Al
and this relationship is expected to be valid for rigid

stenoses. The last term in Eg. 5 has been neglected.
Effects of Compliance - Pressure-Area Relation

Vessel wall compliance allows the stenosis to alter its
geometry, as a response to changes in pressure. A simple
way to model the effects of compliance is through a relation
between the pressure and the free area of the stenosis. If

the relationship is assumed to be linear it follows that

Aj(x) = A" + Clpi(x) - p*) (9)

where:

pj (x) = the pressure at a particular cross section of the
stenotic region (x is a longitudinal coordinate)

A;j(x) = free area at the particular cross-section within
the stenosis

A = free area of the stenosis corresponding
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to a perfectly circular arc for the compliant wall
*
segment (which is the confiquration when pj(x)=p )
*
p = reference pressure at which A; is equal to A

C = incremental compliance

Equation 9, although simple in form, suggests that the
free cross-sectional area will be changing along the
stenosis (following changes in the local pressure) due to
the continuous pressure drop along the stenosis. Thus,
rather than having a single value for the free cross-
sectional area throughout the stenosis, the cross-sectional
area would actually depend on position within the stenosis.
However, to be able to combine Eq. 9 with Eg. 8, which holds

for the entire stenosis length, Eg. 9 is modified to

* *
9 A +Cip; - p) (10)

>
1}

where A; now represents the average free cross-sectional
area, and p;j is the average pressure within the stenosis.
Equation 10 can be divided by A,, the cross-sectional

area of the unobstructed tube, to yield

*

b

s C
1 = + _(pi - p*) (11)
AO

3".‘#

AO (e]

It is to be noted that
*
(1-A /A,)x100 = percent area stenosis at reference

*
pressure, p , and
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(1-A;/A5)x100 = percent area stenosis at pressure, pj.
Because the pressure inside the stenosis, pj, is an
unknown variable, use of the Bernoulli equation was made to
develop an approximate explicit relationship between p; and
the pressure, pj, which is proximal to the stenosis.
According to the Bernoulli equation
p 2 p 2

p; + ;Vl = p; * -2—V'1 (12}

Eq. 12 can be combined with the continuity equation

Q = VjA; = VjAq (13)
to yield
p 1 I 2
P = py < —l—pg - =3}l (14)
' 2 Ags A02

Although the Bernoulli equation, as expressed in Eg.
14, is valid only for steady, non-viscous flow, it is
thought to provide a reasonable approximation because it is
applied in the converging portion of the stenosis. In such
a case the pressure drop from p; to p; due to the Bernoulli
effect is much larger than that due to viscous effects.
Equation 14 can be simplified further by replacing the

variable Aj by its time mean value Aim, recognizing that the
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substitution will not affect the shape of the p; waveform

significantly. The final expression for the pressure inside

the stenosis becomes

Pi = P1 - —(—5~ —3)Q (15)

The Mathematical Model

Equations 8, 11, and 15 can be combined to yield the

proposed mathematical model for the compliant stenosis

L m A* € i
Ap = 1288(=) (—5)[— + —(p; - p)] Q
d =nd Ag o
*
12p A & % =1 2 2
+ ﬂ[(— + _(pi =B J) - 1] Q (16)
7~ d Ao Ao

with p; given by Eq. 15.

Equation 16 is the empirical relationship proposed to
describe the fluid mechanics of the compliant stenosis. In
order to apply the equation, the three parameters that enter
the equation, g3, p*, and C/A, must be defined. The
procedures for defining the parameters as well as the

results of the application of the mathematical model to the
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experimental data, are given in the chapters titled

'Materials and Procedures' and 'Results and Discussions'.
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MATERIALS AND PROCEDURES

To investigate the fluid mechanics of pulsatile flow
through a compliant stenosis, a simple hydraulic model
driven by a piston-type pulsating mechanism was used. For
better comparison with steady flow test results, the
experimental set-up and the materials used in the present
study were the same as those used by Dubill (1986). A
discussion of the materials used, the experimental set-up,
and the experimental procedures is given in the following

sections.
Materials

A single type of stenosed segment was used, and a
photograph of this segment is shown in Fig. 9. A schematic
representation of the stenosed segment, showing the position
of the stenosis in the compliant segment, the dimensions of
the segment, and the way that the compliant segment is
attached to the rigid tube of the flow system, is shown in
Fig. 10.

Because of their particular importance to the
mechanical behavior of the system, the stenosis
characteristics, the collapsible tube properties, and the

properties of the fluid used are described separately below.
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FIGURE 9.

Photograph of the stenosed segment
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FIGURE 10.

Schematic representation of the stenosed segment
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Stenosis characteristics

Three stenoses of different severity (74%, B84%, and 88%
area reduction) were used in attempt to have both critical
(84 and 88%) and subcritical (74%) stenoses. Figure 11
shows a schematic representation of the stenoses. The
length, L, of all stenoses was 1.5 inches. All stenoses
were manufactured from a brass rod, having a diameter, d, of
0.23 inches, equal to the nominal internal diameter of the
elastic tube in which the stenoses were placed. The height,
h, was different for each stenosis, and selected to give the

desired percent area reduction.

NSNS [ ——

FIGURE 1l1. Stenosis characteristics

Collapsible tube properties

The collapsible tubing used was x-ray opaque Penrose
drain tubing. As described by Dubill (1986), the tube has

an internal diameter, d, of 0.23 inches and a thickness, t

’
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of approximately 0.012 inches, thus giving a t/d of about
0.052, which is a value that is typical of some systemic
arteries. The modulus of elasticity, E, and the Poisson
ratio, », had values of 178 psi and 0.5, respectively
(Holmberg and Wilson, 1970). The value of the Poisson's
ratio is typical of most of the systemic arteries, and the
value of E is close to that of human pulmonary artery.

The mechanical properties of the tubing changed after
continuous exposure to air and light, so fresh tubing was
always used in the tests, with the maximum period of

exposure to air and light being two days.

Fluid properties

For all tests, water at a constant temperature of 25°¢
was used. At this temperature, water viscosity is 8.9x10_4
Ns/mz, and water density is 997 kg/m3, as specified by Weast

(1976).
Experimental Set-Up

The experimental set-up consisted of two major parts:

the flow system and the data aquisition system.

Flow system

A general photographic view of the flow system is given

in Fig. 12. The function as well as the various components
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of the flow system are illustrated schematically in Fig. 13.
The test section that appears in Fig. 13 was drawn in detail
in Fig. 10 and contains the stenosed segment with the

flexible tube.

FIGURE 12. Photograph of the flow system

The two resistances Ry and R, were used to control the
flow at the desired level (control of mean Reynolds number)
as well as to control the mean values of pressure proximal
and distal to the stenosis. The flow straightener was a
rigid tube, sufficiently long (1>100d) to let the flow fully
develop before entering the test section. The pulsatile

pump consisted of a piston-cylinder combination, driven by



45

Temperature

controller
Constant Eé
head tank )
v
<«—— Quverflow J v
— e
— ———
Test section Q
b7 4
R Flow R
2 straightener 1
Downstream !
reservoir ‘1*
\V4
— —

)
A

Return pump

FIGURE 13. Schematic diagram of the flow system
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an electric motor. The electric motor was controlled by a
controller which enables precise frequency selection in the

range of 0 to 300 rpm.

Data aquisition system

The data aquisition system was designed to obtain the
proximal pressure, pj;, distal pressure, p;, and flow, Q,
digitize those values, and store them for later analysis.
The data aquisition system consisted of the pressure and
flow transducers and their associated electronics, an
analog-to-digital converter, and a micro-computer.

Sensing devices Proximal and distal pressures were

measured using Statham P23Dc strain gage pressure
transducers. Flow was measured with an electromagnetic
Biotronex BL-610 Pulsed Logic flowmeter.

Amplifier The signals were amplified by a Grass
Polygraph Recorder.

Digitizer and micro-computer To convert the

electric signals from the amplifier to digital signals for
further analysis, a high-speed analog-to-digital converter
(KEITHLEY data aquisition system) along with the supporting
software (SOFT500), were employed. The micro-computer used
for coordinating the whole process and storing the data was

an IBM PC-AT computer.
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Procedures

The whole experimental procedure was divided into two
phases. In phase one, the pulsatile flow tests were run,
and the data collected were stored in the computer. 1In
phase two, the data processing took place, which involved

mathematical and statistical analysis of the stored data.

Pulsatile flow tests

Pulsatile flow tests were run for three different a
values, for each of the three stenoses (74%, 84%, and 88%).
For each stenosis, a step by step procedure was followed.
The individual steps involved: preparing the stenosis,
calibrating the equipment, and running the pulsatile flow
tests.

Stenosis preparation The stenosis was created by

inserting the fabricated brass rod (see Fig. 11) in the
flexible tubing, at the desired position. Rather than being
glued to the tubing, the rod was stabilized in the tubing by
means of an external clamp.

Because different stenosis preparations would lead to
different severities, for each stenosis preparation a
standardizing procedure was followed. The procedure
involved steady flow through the stenosis, with the flow and

corresponding pressure drop across the stenosis measured.
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The stenosis was readjusted until for a given flow, the
pressure drop was approximately (within 2%) the same as
reported by Dubill (1986), for the same flow rate and the
same stenosis severity. Once a suitable stenosis was
obtained, the next step was to calibrate the eguipment.

Equipment calibration The equipment was calibrated

by running steady flow tests, and assuming linearity for the
signals coming from the pressure transducers and
electromagnetic flowmeter. The values for the proximal, p;,
and distal, p,, pressures were obtained from a piezometer
tube. The values for the flow rate were obtained by
measuring the filling time of a known volume, in a graduated
cylinder. Different sets of pressures, p; and p,, and flow
rates, Q, along with their corresponding digitized values,
P1gr P24r and Qg, were obtained by adjusting the resistances
Ry and R,. Finally, linear regression was applied to each
of the pairs, (p1,P1g9), (P2.,P2q), and (Q,Q04) to give the
relationship between the variables. The regression
procedure was considered successful when the correlation
coefficient, Rz, was greater than 0.99; if not, the

calibration procedure was repeated.

Pulsatile flow tests Four different sets of data

for each stenosis were taken. For the first three data

sets, the tube was in an uncollapsed state. Each of the
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three data sets corresponded to a different a value, all of
which were in the range 4<a<7. The mean Reynolds numbers
for all alpha values and stenoses ranged between 1000 and
1500. The a value adjustment was done by changing the
frequency of the pulsating mechanism. The last data set was
obtained when the tube was partially or completely
collapsed. Collapse was achieved by reducing the distal
resistance. The data set was taken at high a values
(6.2<a<7.0), and was taken for a qualitative, rather than a
quantitative or mathematical, analysis of the phenomenon.
The sampling rate was chosen to be either 100 or 200 Hz
(sampling interval 10 or 5 msec). The sampling rate was
high enough to provide 200 to 350 points per cycle; a
sufficient resolution for the filtering and statistical

procedures that followed.
Data Processing

The raw data stored in the computer were processed
following a step by step procedure which included signal
averaging and filtering, pressure drop calculation, and

finally, statistical analysis.
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Signal averaging and filtering

Signal averaging was performed for two reasons: First,
it reduced the effect of system noise on the sampled data,
and second, it provided a single, complete waveform which
was necessary for the numerical method used in the pressure
drop calculation. Also, with the signal averaging
technique, the average period of the oscillation was
identified and was used to calculate important parameters of
the problem, such as the alpha parameter, a, and the mean
Reynolds number, Re.

Filtering of the waveforms was done with the use of
low-pass digital filters. The cut-off frequency was
approximately 30 Hz, which was sufficiently low to eliminate
the 60 Hz noise, and high enough not to alter the amplitude

of the low frequency components of the true signal.

Pressure drop calculation

From the known proximal, pj(t), and distal, p,(t),
pressure waveforms, the instantaneous pressure drop
waveform, Ap(t) = pj(t) - pp(t), could be obtained.

However, this pressure drop is a sum of the pressure drop
due to stenosis and the pressure drop due to flow in the
remaining section of the tube between the two measuring
points. Since the pressure drop due to stenosis, Apg is of

prime concern, the pressure drop due to flow in the tube,
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Apg (without stenosis) was calculated and subtracted from
r

the total pressure drop, in accordance with the equation
Apg(t) = Ap(t) - Apg(t) (14)

To obtain Apf the problem of pulsatile flow in a straight,
rigid tube had to be solved. The problem was solved with a
numerical technique based on finite difference analysis.
Details on the formulation of this problem and the numerical

technigque are given in the Appendix.

Parameter estimation - Statistical analysis

Once the waveforms Apg(t) and Q(t) were known, a
statistical analysis was performed, to assess the validity
of the theoretical model, and to estimate the parameters of
the model.

* *
Estimation of p The parameter, p , could not be

accurately estimated due to its strong correlation with the
correction factor, . Attempts to estimate p* and p
simultaneously led to oscillating estimates and non-
convergence of the non-linear regression scheme, which
suggested that to apply statistical analysis to obtain the
other parameters, one of the two parameters (p*,ﬁ) would
need to be specified.

Although an attempt was made to get estimates of p* by

direct measurements of the external diameter of the stenosed
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segment at different internal pressures (and correlating the
p* with the pressure for perfect circular configuration),
the tests failed to give consistent and reliable values for
p*. The tests failed primarily because the small changes in
vessel diameter could not be accurately measured with the
egquipment available.

Estimation of f and C/A_. With an assumed value of

p* (for demonstration purposes it was assumed that p*
equaled 35 cm H,0 for the 82% and 88% stenosis, and 25 cm
H,0 for the 74% stenosis), statistical analysis for the
evaluation of § and C/A, could be applied if the time
averaged cross-sectional area, Aim' is specified. Aim
cannot be calculated directly from Eg. 11 because p;(t) as
given by Eg. 15 depends on the unknown value of the
parameter A; . To overcome this obstacle, the following
iterative technique was used:

a")

e Assume a reasonable initial value for A: (A

iIm im~

¢ Based on the assigned values for p* and Aim'
perform statistical analysis to get the best
estimates for § and C/Ag

® Substitute the value of C/A, into Eg. 11 to get the
A; waveform and in turn the new value for B

® Repeat steps 2 and 3 until the values for Aj

converge
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For the statistical analysis, the non-linear regression
procedure of the SAS statistical package was used. The
applicability of the mathematical model was judged by the
goodness of the fit between the predicted and the measured
waveforms, which was determined by means of residual squares

and by plotting and comparing the waveforms.
Evaluation of the Experimental Set-Up

To ensure that the experimental set-up, the data
acquisition system, and the supporting software operated
properly, pulsatile flow tests were conducted and the
acquired data were checked against the known theoretical
solution for flow in straight, unobstructed rigid tube.

During these pulsating flow experiments, instantaneous
flow, Q(t), and pressure drop, pj(t) - py(t), over a
specified length, were recorded and stored. Using a
numerical technique that solves the problem of pulsatile
flow in straight rigid tubes, the theoretical pressure drop
over the same length of tube, and for the measured flow
waveform, was calculated and compared with the measured
pressure drop. The numerical method used for the
calculation of the theoretical pressure drop is discussed in

detail in Appendix A.
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The experimental results are shown in Fig. 14, where
the measured pressure drop (solid line) and the calculated
pressure drop (broken line) are compared. The two curves
compare well in terms of both amplitude and phase. The
small phase lag between the two curves was thought to be
mainly due to the phase delay of the electromagnetic
flowmeter. However, the fit was considered to be
satisfactory, suggesting that the experimental set-up was
designed well, and was capable of undertaking similar

experiments.
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RESULTS AND DISCUSSION

The theoretical model developed was used in conjunction
with the data collected from the pulsatile flow tests to
check the validity of the model and to obtain estimates of
the model parameters. A discussion of the results of the
parameter estimation procedures, as well as a comparison
between predicted pressure drop and experimental data 1is

given in this chapter.
Parameter Estimation

The three parameters that entered the model were the
reference pressure, p*, the correction factor, 3, and the
effective compliance, C/A,. Although p* was not estimated
by running static tests, a certain region of p* values was
suggested (20<p*<60 in cm H50) and for typical values of p*,
g and C/A, were estimated through a statistical analysis of

the experimental data.

Estimation of 8 and C/A,

For the assumed p* values, f and C/Ao were estimated by
applying non-linear regression to Q(t) and AP(t) waveforms,
as they were expressed in the mathematical model (Eg. 16).
The statistical procedure (SAS, NLIN Proc) was stable and

always converged to the same values of § and C/A,,
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regardless of the initial guess for the values of § and
C/Ay,. For the estimation procedure all sampled points
(200-350 in number, depending on the period and sampling
rate) were used. The estimated values for § and C/AO for
the three stenoses, along with the alpha values and the flow
parameters Re and PI (Pulsatility Index) corresponding to
each set of data, are given on Table 1. The pulsatility

index is defined as

¥} = (Qmax B Qmin)/Qmean

The pulsatility index, PI, along with the mean Reynolds
number and the alpha parameter, a, are the basic parameters
needed to define pulsatile flow.

From the results of the parameter estimation the
following conclusions can be drawn:

e For the severe stenoses (82% and 88%) and for the
same stenosis preparation, the effective
compliance, C/A,, was essentially independent of
the alpha value.

e The B values showed a slight dependence on the a
parameter; [ always decreased when a increased,
that is when flow was more pulsatile.

® For the subcritical 74% stenosis, and for high

alpha values (a>5.5), the effective compliance was
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TABLE 1. Model and flow parameters for the non-
collapsing pulsatile flow tests

Stenosis p* a B C/AOa Re PI
cm Hy0
4.8 2.52 0.57 1437 033
74% 25 5.9 1.08 0.01b 1417 0.47
6.7 0538 0.00 1395 0.60
4.7 3.09 1.45 1166 0,22
82% 35 h:9 2,91 1.43 1135 0,33
6.4 2.89 1,50 1138 0.38
4,5 3.43 0.60 1180 0:12
88% 35 B+9 3.26 0:57 1066 033
6.4 3.24 0.61 1055 0.40
3c/Ag x 107° in m?/N.

bC/AO < 10'7.

insignificant and the value of 3 was close to
unity. However, for the low alpha value of 4.5, §
was greater than one and the effective compliance
had a significant value, comparable to those of the

critical stenoses.
Theoretical vs Experimental Data

Figures 15-23 show the measured and the theoretical
pressure drop across the stenosis, as predicted by Equation

16, using the estimated values for B and C/Ag. The



59

corresponding flow waveforms (only one for each stenosis)
which were used as input to the theoretical model are shown
in Figs. 24-26,

For all stenoses (74%, 82%, and 88%), and alpha values,
the agreement between the measured and the theoretical
pressure drop waveform was satisfactory. There was a small
phase difference between the two waveforms which is partly
attributed to the fact that inertial forces, which are
always present, are neglected in the theoretical model. A
significant part of the phase shift was also due to the
electromagnetic flowmeter time delay; the measured flow
waveform is shifted in time thus causing the calculated
pressure drop waveform to be shifted (delayed). However,
the phase lag was always less than 100, and it was almost
negligible for the 88% stenosis where the inertial forces

were insignificant.
Significance of the Compliance

Compliance is responsible for changes in the cross-
sectional area of the stenosis. Figures 27-29 show the way
the ratio of the stenosis cross-sectional area to the area
of the unobstructed tube, A;/A, changed over a cycle.

The fluctuation of A;/A, ranged from 3% over the mean

value for the 74% stenosis to 4% and 7% for the 88% and 82%
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stenosis, respectively. The changes in severity of the
stenosis (percent area reduction) were relatively small
(less than 2% for all stenoses), yet enough to cause
significant severity fluctuations, especially for the
critical stenoses.

The significance of compliance is shown schematically
in Figs. 30-32. 1In each of the fiqures, the pressure drop
as predicted by the mathematical model, and the pressure
drop predicted for zero effective compliance (C/A5 = 0) and
mean stenosis severity (A;/Ay = (A;/Ag)pean) Were compared.
The stenosis with zero effective compliance and mean
severity is expected to represent the 'eguivalent' rigid
stenosis.

From the Figs. 30-32, it is obvious that the pressure
drop waveform for the compliant stenosis can be markedly
different from that of the equivalent rigid stenosis. The
compliant stenosis tends to damp out the extremes of the
pressure drop waveform. The mechanism for that is clear,
since at high pressures the effective severity of the
stenosis drops, whereas at low pressures the effective
severity of the stenosis is greater, because the stenosis is
narrowed. For rigid stenoses (C/A, = 0), the effective
severity is of course independent of the distending

pressure.
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Interdependence of the Parameters

*
Dependence of 8 on p

The coefficient § exhibited a strong dependence on the
selected value of p*. The high correlation between the two
was the primary reason that not all three coefficients could
be simultaneously estimated using statistical procedures.
The dependence of § on different values of p*, is shown in

Table 2.

TABLE 2. Dependence of f§ on p*
(4.5<a<4.8)

g values

p (cm H,0) 74%  82%  88%

5 3.01 6.67 5,38
15 2.78 5.40 4.78
25 2.52 4,21 4,13
35 2.22 3.08 3.43
45 1.87 1..99 2.66

*
Dependence of effective compliance on p

The effective compliance is not strongly dependent on
p*. Assuming different values of p*, the estimated values
of C/A, for the same set of data were relatively close to
each other suggesting that the correlation between p* and

C/Ay is small. Table 3 summarizes these findings.
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*
TABLE 3. Dependence of C/A, on p
(4.5<a<4.8)

C/Ay values (xlO5 mz/N)

X
p (cm Hy0) 74% 823 88%
5 0.49 1.43 0.51
15 0.53 1.43 0.53
25 0.56 1.44 0.56
35 0.62 1.46 0.60
45 0.67 1.49 0.65

Stenosis in Collapsing Mode

As mentioned earlier, some exploratory pulsating flow
tests for stenoses in the collapsed mode were run for all
three stenoses. During the tests the tube was either
collapsed throughout the cycle, or it was in a collapsing
mode for part of the cycle. Collapsing, which was induced
by decreasing the distal resistance, was determined 'by
eye'. The tube was considered to be in collapsed mode when
its cross-sectional geometry changed radically, going from
an approximately circular cross-section to a flat, strip-
like appearance. Collapsing always occurred downstream of
the stenosis, starting usually at most distal part of the

elastic tubing.
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The results of the collapsed mode experiments are shown
schematically in figures 33-38. 1In figures 33, 35, and 37,
the proximal pressure, p;(t) and the flow, Q(t), waveforms
were drawn normalized to the same scale (by multiplying the
flow waveform by a constant and adding a constant, so that
the peak and bottom points of the two curves match), for
better comparison. Figures 34, 36, and 38 are supplementary
to the first three ones in a sense that the distal pressure,
po(t), is plotted on scale with the proximal pressure,
p;(t), so that the behavior of the distal pressure over the
cycle is more clearly seen.

Examining the figures the following major conclusions
can be drawn:

® When the tube is in collapsed mode, the distal
pressure drops at low levels and remains
practically constant over the cycle. This behavior
of the distal pressure can be viewed better in Fig.
34 for the 74% stenosis where for part of the cycle
(left side of the graph), the tube is in
uncollapsed (open) mode, and for the remainder of
the cycle (right side of the graph), it is in a
collapsed mode. When the tube changes from the
collapsed to uncollapsed mode, the distal pressure

rises sharply from very low values (in the
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neighborhood of zero or less) to high values (2000
N/mz), comparable to those in the fully uncollapsed
mode experiments and of the same order of magnitude
as the proximal pressure values. In contrast, when
the tube is in a collapsed mode, the values of the
distal pressure remain at low levels without
exhibiting significant oscillation, thus being
approximately independent of the changes in flow,
Q(t), and the proximal pressure, p;(t). The same
situation holds for the 82% and the 88% stenosis
cases, where the tube was in collapsed mode
throughout the cycle, as seen in Figs. 36 and 38.
When the stenosis was in collapsed mode, the flow
waveform seemed to follow closely the proximal
pressure waveform. As a consequence, the flow
waveform follows the changes in the pressure drop
waveform, p;(t)-p,(t), since, as mentioned earlier,
in the collapsing case py(t) remains practically
constant. This phenomenon is demonstrated in all
Figs. 33, 35, and 37; moreover, Fig. 33 shows
nicely the striking differences between the two
states: on the right side of the graph, where the
tube is collapsed, the two curves (Q and pj) are

almost identical in shape; on the left side of the
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graph, where the tube is in uncollapsing mode, the
two curves behaved in a more independent fashion.
When the stenoses were in a collapsed mode, the
pressure drop across the stenotic and collapsed
segment did not differ significantly between the
three stenoses. 1In contrast to the case of
uncollapsed stenotic flow where the difference of
the mean pressure drop between the subcritical
(74%) and the critical (88%) stenosis was great, in
the collapsed mode the differences were small. The
apparent cause of this difference in behavior is
that in the collapsed state, a great part of the
pressure drop across the collapsed-stenosed segment
is due to the increased resistance of the collapsed
segment downstream of the stenosis, which is common
and acts essentially identically for all three

Stenoses.
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SUMMARY AND CONCLUSIONS

The results of this study indicates that the
theoretical model developed for the uncollapsing case can be
used to adequetely describe the pulsatile flow in compliant
stenoses. The incorporation of the compliance in the
already existing models for rigid stenoses was successful
and proved to be a necessary improvement for a better
description of the flow. On the other hand, the results of
the experiments on pulsatile flow through collapsed
compliant stenoses demonstrated some of the main differences
between the two flow situations. The results reconfirmed
and extended, at least in a qualitative fashion, some of the
previous findings of studies on collapsing tubes, for the
general case of pulsatile flow.

Using the estimated values for § and C/A,, the model
was able to fit the experimental data well, for all alpha
values and for all three stenoses. From the application of
the theoretical model to the experimental data, for the case
of an uncollapsed tube, the following major conclusions were
drawn:

e The inertial forces can be neglected without
introducing significant error even for the mildest

(74% area reduction) of the stenoses.
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The simplified pressure-area relationship used in
the model was satisfactory in taking into account
the stenosis compliance.

There was a significant correlation between the
reference pressure, p*, and the correction factor,
B; and because of this strong correlation, both p*
and B could not be determined simultaneously using
statistical procedures. In general, [ was
sensitive to very small changes in p*

The effective compliance, C/A,, showed little
dependence on the p* values, and minimal
dependence on the alpha parameter. The estimated
values for the effective compliance, C/A,, however,
differed between stenoses. The differences can be
attributed partly to the different structural
support for different percent stenoses, and also to
the probable small differences in the elastic
properties of the tubing used. The question as to
whether the estimated effective compliances have
any physical meaning, as well as the explanation
for the large deviations between estimated
compliances (although the estimation procedure was

very stable), was not answered in this study.
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For the critical stenoses (82% and 88%), @
exhibited a slight dependence on the pulsatility of
flow and always decreased when a increased.
Although the explanation for this trend is not
clear, it is anticipated that the entrance-exit
effects that B accounts for, are somehow decreased
by the increased unsteadiness of the flow.

The subcritical, yet severe 74% stenosis, behaved
differently than the critical ones, as far as
pulsatility is concerned. At low alpha values (a =
4.8), B was 3.52 and the effective compliance,
C/Ay, was 0.57x10 ° m?/N. These values are close
to those found for the critical stenoses. However,
at high alpha values (a>5.5), B was approximately
equal to one and the effective compliance was
practically zero (C/Ao<10_7).

From the evaluation of the exploratory experimental

obtained in the collapsing mode experiments, the

following major conclusions are drawn:

In the collapsed state the flow rate, Q(t), follows
closely the proximal pressure. This observation
supports the previous findings based on steady flow
tests in stenosed and unstenosed compliant tubes

(i.e., Lopez-Muniz et al. 1968; Dubill 1986), where
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the following pressure-flow relationship was
proposed:

Q = k(p; - pe)

Pe being the external pressure, and be a constant.

e In the collapsed state, the pressure distal to the
collapsed segment drops to low levels and remains
practically constant over the cycle, showing
minimal dependence on the flow and proximal
pressure waveforms.

e When in a collapsed state, the effective
hydrodynamic severity of the stenotic segment
increases significantly, compared to the
uncollapsed state. This is because the increase in
severity is due both to the reduction in the cross-
sectional area on the elastic tube distal to
stenosis and in the stenosis itself. Thus, in
collapsed tubes, the distinction between critical
and subcritical stenosis is not clear.

Direct clinical implications from the present study
cannot be easily made, mainly because the type of flow and
model stenosis used are simple idealizations of blood flow
through compliant arterial stenoses. The study, however,
emphasizes some important points with medical or clinical

implications. First, for pulsatile flow through compliant
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stenoses, the stenosis behaves in a dynamic fashion. It
alters its geometric characteristics over the pulsating
cycle, which leads to a damped pressure drop waveform, that
is different from that of a rigid stenosis. Second, in
order to model pulsatile flow through compliant stenoses, it
is very important that a good knowledge of the geometrical
characteristics, as well as the elastic properties of the
compliant portion of the arterial wall, is achieved.

As far as modeling blood flow in arteries is concerned,
the findings of this study suggest that the stenotic segment
along with the distal portion of the artery subject to
collapsing should be treated as a unique element. In the
uncollapsed (open-tube) state, good estimates of the three
parameters p*, B, and C/A, are essential to describe the
flow. Knowledge of the p* value is important because p*
relates to a specific geometry of the stenotic segment, thus
giving a reference starting point for the theoretical model.
The high correlation between p* and g does not allow for the
simultaneous estimation of the two, so that for any
parameter estimation procedure to be applied, one of the two
should be somehow specified. For the case of a fully
collapsed vessel (artery), flow is directly related to the
proximal pressure and essentially independent of the distal

pressure, Although an exact relationship was not
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established in this study for the collapsed case, the fact
that the inertial forces proved to be totally insignificant
for all stenosis severities studied suggests that models
developed for the steady flow case may be appropriate for
pulsatile flows simulating blood flow in arteries.

It is recommended that additional studies on the
mechanical (elastic) properties of the compliant stenosis be
carried out to provide the necessary background for future
studies on the fluid mechanics of compliant stenoses. 1In
vivo studies should also be performed to evaluate the
findings of the present study for the complex geometries and
flows existing in the circulation. As a continuation of
this study, and because of its major clinical interest,
additional work involving the study of pulsating flow in

collapsed compliant stenoses should be undertaken.
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APPENDIX

In this section the numerical method used to solve the
problem of pulsating flow in straight, rigid tubes, when the
flow waveform is the known quantity, is discussed. As
mentioned earlier, the solution for the straight, rigid,
tube, with pulsating flow was used to calculate the measured
pressured drop across the stenosis, and to evaluate the

experimental set-up.

Method

The governing equation is based on the momentum
equation in the axial direction of the pipe. The equation
is derived assuming only the axial velocity components
u(r,t) to be non-zero (v=w=0), and can be written in

dimensionless form as follows:

B * *
2 ou op R 2 %x0U
@ ¥ - Tt =% % [r %] (1)
ot ax r ar or
with
x U x L « x P x X
u= —, r=-—=%t=t¢tw, p=—, X = — (2)
wR R Hw R

where a = R/w/v is the alpha parameter, w and » being the
fundamental angqular frequency of the pulse and kinematic

viscosity of the fluid respectively.
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* . 3

Multiplying Egq. 1 by 2r and integrating along the pipe
radius, a relation between the time derivative of the flow
rate, the pressure gradient, and the wall shear stress can

be obtained in the form

ao” ap"
P

§F —p m o — B (3)
dt 0X

* . . . * -
where 7, 1s the dimensionless shear stress, and Q 1s the

dimensionless volume rate of flow, defined as follows:

au" !
T u |
5 o ol (@)
W or |r =1
* Q l * * * * *
Q = g~ = 2Ju (¢ .£ )r dr (5)
TR w 0

Eliminating the pressure gradient term from Egs. 1 and
3 and using Eg. 4, the desired differential equation between
local instantaneous velocity and flow rate is obtained:

* * *
au 2 dQ du | 1 2 % 0U
a“ —5 = a° —5 - 2 *i « == —= [t —] (6)
|

* *
ot dt ar Ve =1 ¢ BF or
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To complete the mathematical formulation of the problem, it
follows from the axial symmetry of the flow that
au*(O,t*)

= 0 (7)

*
or

and from the no-slip condition at the wall
u*(1,t%) = o0 (8)

Finally, assuming a constant velocity distribution over the
* . .
pipe radius for the time t =0, we arrive at the initial

condition

* * *

w {e ,0) = 9 (9)

This is selected to satisfy the integral relation (5) for
*
t =0.
The partial parabolic differential Eg. 6, along with
the boundary and initial conditions, was solved using a

finite difference implicit technique.
The Numerical Technique

The grid used was equidistant, that is N equally spaced
points along the radius (spatial axis), and NT equally
spaced points along the period. Using first order finite

difference approximations for the time derivatives, and



104

second order for the spatial derivatives, the governing Eq.

6 can be written as

: : z ; T | e L
2ug+l-ug 2Q]+1—Q] 3u§+l 4uN-l+UN—2
Q- — o g — -
At At 2h
JeEd j+1, j+1 1 3#1
ulit-2uf +udly 1 ulii-uill
5 —_ = (10)
h r'y 2h
where:
N denotes point at the wall
h 1is the spatial step 1/N-1
At is the time step 2w/NT-1
rj = {i-1)h
The resulting equation is
i : . , ’ :
Aiu%_%+Biu%+1+Ciug:%+Eiu§f%+Fiuﬂr%+Giu§+l = Dy (11)
where:

A; = At(h-Zri)

B; = 2r;(h%a+2at)

C; = -At(h+2ry)

E;j = 2(At)hry

F; = -8(At)hr;

G; = 6(At)hr;

D; = hzazri(vj+l— vis ug)
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The above system of equations can be rewritten in matrix

form
AjkUx = Dj (12)

where Ajy is a non-symmetric quadratic matrix with elements

defined as:

Bi,i B4
Aj,i-1 = Aj
Aj,i+1 = Cj
Aj N-2 = Bj i=2,...,N-1 (13)

Ai N = G

The elements of the first row, Al,kr can be derived

from the axial symmetry boundary condition:

A1,1="3: A1,2=4, Ay 3=-1, Ay 4,...,A1 n=0 and D;=0

The elements of the last row, AN,kr can be derived from

the no-slip condition at the pipe wall:
AN,N=1" AN,l""'AN,N”:L:O and DN=0

The system of Egs. 12 is solved using the Gauss

elimination method to give the velocity profiles for the
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next instant j+1. When the end of the period is reached

(§+1=NT), the calculated velocity profile (u?T)

is
substituted to the initial velocity profile (u%=u§T) for the
next iteration to begin. The procedure continues until the
convergence criterion is satisfied.

As mentioned previously, the above numerical solution
was used to calculate the pressure drop due to flow in the
unobstructed tube, Ap¢, over the distance, L, between the
proximal pressure measuring point, and the distal resistance
measuring point (points P; and P, in Fig. 10). The flow
waveform, Q(t), was used as the input to the problem. From
the solution the velocity profiles u(r,t) were obtained, and
in turn the pressure gradient waveform was calculated, using
the expressions (3) and (4). Then, simply by multiplying
the pressure gradient waveform by the length, L, the desired

pressure drop over the distance, L, was obtained.





